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A geometric perspective of on-line
machine learning for regression problems

A brief introduction to regression problems.

A geometric perspective on loss functions.

Regularisation and iterates for on-line learning algorithms.
Geometric gradient (GG) descent algorithm.

Results and comparisons
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On-line parametric regression problems

Model class: A model class is a parameterised set of maps that
generate regression estimates

y= fp(x), [fp:Q — Qy, peM
Geometric setting: M is a Riemannian manifold

Generative noise model: Data is generated by

Y — fp*(xk) _I_ Vs Px € M
where v iIs some ‘noise’ process - possibly zero.

Goal: The goal is to determine the parameter px that best ‘explains’
the observed data {(yi,xy)}-

On-line requirement: A continuously updated parameter estimate p;
IS required at each time step.
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Characteristics of on-line machine learning

regression problems
Very high dimensionality of the unknown parameter ps.
The measurement noise v, can be extremely large.

The noise is often highly non-Gaussian due to the underlying
structure of the problem.

Machine learning problems are rarely straightforward linear
regression problems subject to Gaussian measurement noise.
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Where does the geometry come from

Expected Information Geometry:

v = fp(xg) + vk, v ~ ¢(y, x|p)

where ¢(y,x|p) € dpg IS @ parameterised set of probability
distributions.

Let apz- denote variation in the 7th parameter p on M.

The Fisher information metric (in the frame {8pi}) is
9i5(p0) = Ey(y alpo) | (8,109 6(y, 2[p)) (8,109 ¢(y, z[p))]

Prior Knowledge: A preferential structure g(p) is given as prior
information. The prior distribution on parameter space is

¥(p) = /det(g(p))
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Loss functions

In regression algorithms the loss function is a crucial part of the
formulation

L (p) = Ly, zk), P L:QxM—Ry.

LLeast squares error:

1
LES(p) = §|yk — fplap)|?

Normalised least squares error for linear regression:

1 |yk o <$k,p>|2
LS () ==
2 g |2
Log likelihood:
Ly (p) = —109(d(y, Tx[p))
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What properties are important in a loss
function

A loss function should penalise estimation error.

In particular, a loss function should be zero on the set

Sk(0) = {p|yx = fp(zr)}

and positive off this set.

A loss function should respect the geometry of the problem.
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Proposed loss function

Loss function

1 . . 1 . _
Lp(p) = §d'StM(p, Sr(0))? = min Ed'StM(p,p)Q

1P| yp=(zr,p)}

Optimal distance is realised along the geodesic v(s) orthogonal to
S1.(0).
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Example: Least squares error loss function

Problem type:
Linear regression with unit variance measurement noise.

Generative noise model

1 1
v = (z, px) + Vg, v ~ d(yg|eg, px) = \/%GXD (—5 [y, — (fb‘k,p*>|2>

Parameterized Model Class

(yklzr, p) = \/12_7Texp (—5 'y — <5’3k7p>|2)}

M= {o

Expected information metric

92 /1
0i1(p) = Ey [(9,109.0)(9; 09 0)] = - (SpTmnalp) = wal
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Geometric interpretation of LS loss

Compute the distance from p; to the S, (0) with respect to the
metric

A SO = min [N Grin)Ran b =p— (1=
= /01 \/(p — po) !zt (v — po)dr, po € S;(0)
= [{(p — Po), Tp)|-

Thus, one has
1 1 _
Li>®) = Slp. o) —uil® = S{(0 — o). i)

1 1
=  min EdistM(p,ﬁ)Q=§distM(p,Sk(O))2

{Plyp=(zp,p)}
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Example: Normalised least squares error

Problem type:
Linear regression with unit variance measurement noise and
Gaussian i.i.d. sample distribution with unit variance.

Generative noise model

v = (z, px) + Vg, ¢ (yg|zg, px) = N({(zg, px), 1), Y(zp) = N(O,1)
Parameterized Model Class

¢(Yp, Tklp) = —==exp (—5 [y — ek, P |xk|2)}

M={¢ Var 2

Expected information metric

= 5y

02 1
(57" a2"p)

9ij(p) = Eyz [(32' l0g $)(9; 109 ¢)] = Ka Aptdpd
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Geometric interpretation of NLS loss

Compute the distance from p, to the output set with respect to the
metric

1 1
d S 0 — . .7', .7- 2d , T — — (1 —
(3, 5x(0) = _min | [0 Gir,An)2dr, e =1p— (1 =77
1
p— — nn)ld DO — [ d D
/O |(p — po)|dr, Po argﬁeng;?o) (p,p)
= ((p — Do), )
|z

Thus, one has
1{(p — Po), Tx)° 1 o _ 1. 2
LNLS(p)y = = ’ = min =dist , = —dist ,S1.(0
k(P =35 2,2 iy 2 M(p, p)° = Sdisty(p, S3(0))
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Log likelihood loss functions

The log likelihood loss function corresponds to the least squares
and normalised least squares cost in the two cases considered

above.

T hese cases correspond to Euclidean geometry - simple cases.

For general families of distributions the log likelihood is some
approximation of a distance function - similar in nature to a
statistical divergence.

Log likelihood does not have a simple geometric interpretation.
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Geometric loss function
Geometric loss function

1 . . 1 . _
Li(p) = Ed'StM(Pa S,:(0))? = min §d|StM(pap)2

1P| yp=(zr,p)}

Depends only on geometry of the problem.

Equally applicable to expected or observed information geometry
or preferential structure.

Can be applied to curved exponential families.

Generalises to standard loss functions for classical regression
problems.
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Deriving an algorithim

Parameter update p, must be available at each data iterate.
Algorithm must be an iterative update.

Differentiable loss function available at each step .

No one instance of data should be trusted significantly due to
noise. Small step updates. No conjugate gradient updates.

Dimensionality and degeneracy of problem prevents the use of
second order optimisation methods.

Stochastic gradient (SG) descent algorithm is a small step update
in the direction of the gradient of the loss function.

Pit1 = pr— 15 (b
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Regularisation and MLE'’s

Consider a maximum likelihood estimate for a given data sample

p = arg max 109 ¢(yk, xk|P)

Example: Linear regression with Gaussian measurement noise

_ 1 2
arg max | —— —
p = argmax (—ux — (@, ) )

Regularisation is the process of introducing a prior distribution ¥ (p)
into the maximum likelihood estimate

p = arg max (log &(yg, zrlp)¥ (p))

Example: Gaussian prior at p; with variance 1/,/n

~ 1 1 1
p=argmax | —=|yr — (xp, p)|° — —I|p — pil? |, () =exp|——Ip—pil?].
p 2 2n 2m
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SG algorithm is the regularised MLE

The regularised maximum likelihood estimator was

_ 1 > 1 5 .
— arg max | ——|yr. — (x, — —|p— = argminU
p g 5 ( 2|yk (T), D) 2"7|p Pk ) g D k(p)

Recall the loss function for normally distributed linear regression

1
Li.(p) = §|yk — (z1,p)|?

The MLE p occurs at the critical point of Ug(p) (convexity)
oL,

Pk+1 =D =Pk — na—p(pk)

This is the stochastic gradient descent algorithm
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Geometric Gradient Descent Algorithm
Define
Up(p) = Lr(p) + %nolistha(p,p/f)2

where L. (p) is the geometric regression loss.

Think of the regularisation function %distM(p,ﬁ)Q as related to a

Gaussian prior with variance 1/,/7 and mean pg, distributed with
respect to the given geometry.

The geometric gradient descent (GD) update is given by

—argminU
Pk4-1 gpeM k(p)
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Explicit and implicit update steps
Evaluate the critical point of U.(p)
AU (p)[V] = dLi(p)[V] + Qinddistmp,pk)?m

1 _
— <grad[’k’(p)7v>g+;<_Epr 1pkav>g — O, \V/V c TpM

Solving the above equation vields the implicit update equation

pi = Expy,., (ngradLi(piy1))

The explicit update is obtained by approximating the solution to the
implicit update step

Pi4+1 = EXpp, (—maradLi(pt))
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Matching geometry of loss and
regularisation function

Lemma:
Integral curves of the gradient vector field gradl; are
reparameterised geodesics of the Riemannian geometry.

Lemma:
Let p;_ (n) denote the GG implicit update iterate and py ; (1)
denote the GG explicit update iterate, then

P{+1(77) — PE|_1 <1L‘|‘77>

The step-size n is chosen according to the underlying problem and
analysis.
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A geometric view of on-line algorithms for

regression problems

Generative noise model

yr = fp(zr) + v, p € M Riemannian manifold

Loss function

| 1 >
L = min —dist :
K(B) = oy 2 M D)

The geometric gradient (GG) descent update is given by

pi+1 = Expy, (—mgradL:(pt))

that minimises the regularised loss function
(1—-mn)

Uk(p) = Li(p) + distyi(p, pr)?
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Regression over a multinomial distribution

Multinomial distribution

¢(Clp) = C“ TGO

entries of ¢ are the count of event ¢ observed over m trials.

Generative noise model

U = (o zr)y G~ B(ClD)
m™m

Prediction estimates

U = (Pk> Tk)

the entries of p, are estimates of the probability of event z.
n+1
> pL =1, pr € A" Simplex

W I} Geometric on-line machine learning. April 27, 2005 22




LS Algorithm

Least squares error

1
LES(p) = §|yk — (z1,)|?

Stochastic gradient algorithm

pr + n(yr — (Tk, PK) )Tk
pr + n(yr — (K, PE)) 2k

Pk+1 —

The normalisation factor is necessary to preserve the probability
constraint.
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Geometry of the multinomial regression

Expectation parameters p € A" lie on the simplex

A" = (e R Yy = 1)

The expected information metric is

L 0 o0
1 p
m 1

This metric is equivalent to that induced on the simplex via the
iIsometry

p(pt, .. p"Th) = 2\/5(\/71,...,\/19”“)

mapping to the sphere 2/mS™ — R*t1 a3 regular submanifold of
Euclidean space.
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Geometric loss function

Compute loss function

L(p, (xt,yt)) = 4arccos® (2 A1yt + \2)),

where
n+1 i n+1 i1
.p 5 =% > Z.M;t 5 = Yt
i=1 (Alxg -+ >\2) i=1 ()\13735 + AQ)

\ 7 \ 7

simplex constraint data constraint

Lagrange multiplier techniques used to
compute loss function:

A1:. Simplex constraint.

A>. Data constraint

p € Sk(0).
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Geometric Gradient algorithm

Gradient of the Loss function

. . -n+1
(gradLi(p)) = @gcmp) VAR pjz%ct(m
j=1

where
2 arccos(2(M\1y: + X2))

(A1d + A2)y/1 — 4w + A2)?

0
—L = —
P t(p)

Update iterate

(gradL¢(p))*
lgradLi(p)|

Great circles on the Sphere vV/4mJS™.

2
P = (\/ECOS(nlgradﬁt(p)l/@ — sin(nlgradﬁt(p)|/2>> :
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Results

Parameter to Target Error (L2)
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Best existing algorithm

When the parametric inference problem is linked to an exponential
family then it is possible to use a regularisation process based on
the Bregman divergence.

Using the least squares loss function with regularising function
based on the Bregman divergence in the natural coordinates one
obtains the exponentiated gradient (EG) algorithm

Z. Pl exp (n(yy, — (zg, pr))},)
Pr+1 = 1 j '
Z?’i’l P}, €XP (n(yk — (wk,pk>)w‘lyc>

Note that this algorithm is the explicit version of an implicit
algorithm. Using the Bregman divergence and LS loss the explicit
and implicit updates are not equivalent.
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Results

Parameter to Target Error (L2)
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Conclusions

Development requires only the geometric structure. Applicable
to expected and observed information geometries, preferential
structures, curved exponential families, etc.

Specialises to stochastic gradient descent algorithm for the
classical linear regression problem.

Experimental results indicate excellent performance.

The drawback is the computational effort involved in computing
the geometric loss function and geodesic updates.

The role of this work is to provide a theoretically efficient standard
approach to deriving on-line machine learning algorithms against
which practical algorithms can be benchmarked.
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