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Abstract—A pure image-based strategy for visual servo
control of a class of dynamic systems is proposed. The
proposed design concerns the dynamics of unmanned
aerial vehicles capable of quasi-stationary flight (hover
and near hover flight). The visual servo control task
considered is to locate the camera relative to a sta-
tionary target. The paper extends earlier work, [6], by
weakening the assumption on the construction of the
visual error used. In prior work some inertial infor-
mation was used in the error construction to guarantee
the passivity properties of the control design. In this
paper the visual error is defined purely in terms of the
2D image features derived from the camera signal.

1 Introduction

Visual servo control concerns the problem of using a
camera to provide sensor information to servo-position
a robotic system. Classical visual servo control was
developed for serial-link robotic manipulators with the
camera typically mounted on the end-effector [7]. More
recently applications involving mobile systems have
been considered [11]. Visual sensing will be a vital
technology for the host of low cost unmanned aerial
vehicle (UAV) applications that are already under de-
velopment [4, 13, 6]. Visual servo systems may be di-
vided into two main categories [7]: 3D (Position-Based
- involving reconstruction or pose estimation) and 2D
(Image-Based - working directly in the image data).
The first approach is a dual estimation and control
problem in which the state (camera pose) of the system
is estimated using visual information and the control
design is a classical state-space design [7]. In the sec-
ond category, the robotic task is posed directly in terms
of image features rather than in Cartesian space. A
controller is designed to manoeuver the image features
towards a goal configuration that implicitly solves the
original Cartesian motion planning problem [12, 2, 7].

Classical Image-Based control design uses a simple
linearising control on the image kinematics [2] that
leads to complex non-linear dynamics and is not eas-
ily extended to dynamic system models. Most exist-
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ing applications exploit a high gain or feedback lin-
earisation (computed torque) design to reduce the sys-
tem to a controllable kinematic model, for which the
Image-Based visual servo techniques were developed
[7]. There are very few integrated IBVS control de-
signs for fully dynamic system models and even fewer
that deal with under-actuated dynamic models. In
prior work by the authors [6] proposes an IBVS control
scheme for stabilization of a class of under-actuated
dynamic systems that model certain types of UAV. In
order to extend the control design to the full dynamic
system we exploited the fundamental passivity prop-
erties of the rigid-body motion of the UAV airframe
to avoid cross coupling of dynamic states in the sec-
ond an third order derivatives of the image kinematics.
Working within this framework it was possible to ap-
ply backstepping control design techniques and derive
a control Lyapunov function for the system. Unfortu-
nately, in order to guarantee the passivity properties of
the error dynamics it was necessary to use some iner-
tial information in the error definition and this clearly
limits the applicability of the earlier work.

In this paper we study the question of using a pure im-
age based visual error and achieving IBVS control of a
class of dynamic systems associated with UAV systems
capable of quasi-stationary flight. The visual feature
considered is a simple weighted centroid feature and
the goal feature is fixed in the camera image. To un-
derstand the difficulty of the associated control prob-
lem, imagine a UAV (such as a helicopter) hovering
above a fixed target. Imagine that the observed target
is slightly to the left of the goal vector in the image.
Due to the dynamics of the vehicle, in order to move
left the airframe must be inclined to the left, leading
the observed landmark moving left in the image while
the goal target remains fixed in the image. It follows
that to design a stable IBVS control algorithm it is
necessary to allow the image error to increase locally
in order to allow the system dynamics to act to move
the UAV to the desired position such that when the
attitude of the UAV is stabilized the image error will
be zero. The material presented in the present paper
is an extension of our previous work [6] where inertial
information was used to modify the goal target in order
to avoid the situation just described. In this paper, we
deal with the effects of a fixed goal target by treating



them as perturbations of the first order image kinemat-
ics bounded by error terms that can be derived from
the higher order dynamic stabilization problem. In this
manner we propose a decoupled control design followed
by a fully coupled stability and robustness analysis of
the system using a structured control Lyapunov func-
tion construction. Since the image error construction
relies purely on information derived from the 2D image
data we refer to the approach as pure 2D visual servo
control. It is still necessary estimate and compensate
for the direction and magnitude of gravity using an
inertial measurement unit that also provides velocity
measurements.

The paper is organised as follows: Section 2 presents
the dynamic system model considered. Section 3 de-
scribes the visual features and defines the image based
error used. Section 4 derives a Lyapunov control func-
tion for the positioning task and analysis the stability
of the closed-loop system. Section 5 applies the con-
trol strategy to a simplified model for the dynamics
of a four rotor vertical take-off and landing (VTOL)
vehicle known as an X4-flyer [5, 1] and presents some
simulation results. The final section provides a short
summary of conclusions.

2 Problem Formulation.

In this section, we present the fundamental equations of
motion of unmanned aerial vehicles capable of station-
ary hovering at one location. The system model con-
sidered in the sequel is equivalent to those introduced
in the literature to model the dynamics of helicopters
(13, 3]. Let Z = {E,, E,, E.} denote the world frame
and let A = {E{, ES, E$} denote the body-fixed frame
of the rigid body. The position of the rigid body in the
world frame is denoted £ = (z,y,2) € Z and its atti-
tude (or orientation) is given by a rotation R : A — Z,
where R € SO(3) is an orthogonal rotation matrix.
Let V' (resp. Q) denote the linear (resp. angular) ve-
locity of the body expressed in the body fixed frame.
Let m denote the total mass and I = diag(Iy,1I5,1I3) a
diagonal matrix denoting the inertia of the body. The
dynamics of a rigid body are’:

=RV (1)
mV =-mQxV+F=-msk(QV+F (2
R = Rsk(1), (3)
IQ0=-QxIQ+T = —sk(Q)IQ +T. (4)

The exogenous force and torque are denoted F' and T’
respectively (cf. Fig. 1) The exogenous force and torque
inputs considered correspond to a typical arrangement
found on a VTOL aircraft (cf. Sec. 5). The exoge-
nous inputs are written as a single translational force,
denoted F' in Figure 1, along with full torque control,

IThe notation sk(Q2) denotes the skew-symmetric matrix such
that sk(Q)v = Q x v for the vector cross-product x and any
vector v € R3.

Figure 1: Reference frames, forces and torques for an
Unmanned Aerial Vehicle (UAV).

shown by the torques I';, I's and I's around axes Ef,
E$ and E$ respectively. The force F' combines thrust,
lift, gravity and drag components. It is convenient to
separate the gravity component mgE, = mgR” e3 from
the thrust force?

F:= —Tes +mgRTes (5)

where T' € R is a scalar input representing the magni-
tude of external force applied in direction es. Control
of the airframe is obtained by using the torque con-
trol T' = (T'1,T2,T'3) to align the force Fy := Tes as
required to track the goal trajectory.

3 Image Dynamics

In visual servo control problems, the image dynamics
must be expressed in the frame of reference of the cam-
era. Since we consider ‘eye-in-hand’ configurations, the
motion of the camera frame inherits dynamics in the
body fixed frame. In order to simplify the derivation in
the sequel, it is assumed that the camera fixed frame
coincides with the body fixed frame A. Let a set of n
points P/ of a fixed target (P’; = 0), relative to the
inertial frame (Z) and observed from the camera, and
let P; be the representation of P/ in the camera fixed
frame, then P; is given by

P;=R"(P] - ¢)

A backstepping control design has passivity-like prop-
erties from virtual input to the backstepping error [8].
In our previous work [6] it was shown that these struc-
tural passivity-like properties are present in the image
space dynamics if and only if the spherical projection
of an observed point is used. Denoting the spherical
projection of an image point P; by p; the image dy-
namics are given by:

. V
p; = —sk(Q)p; + TFPF (6)

K2

2This is a reasonable approach for the dynamics of a UAV in
quasi-stationary flight. The implication of this decomposition is
the key of our control strategy (Sec. 4).



Here r; = | P;| (the focal length is assumed to be unity
for simplicity). The matrix 7, = (I — p;pl) is the pro-
jection onto the tangent space of the spherical image
surface at the point p; (I is the 3 x 3 identity matrix).

For a given target the centroid of the target based on
spherical information is defined to be

q:= Zpi cR3 (7)
i=1

As defined in [6], the above centroid contains more in-
formation than the classical image blob centroid. Here
the norm of the image feature |g| encodes effective
depth information. When the target points are far
from the camera all the {p;} are co-linear and the norm
is maximal. As the camera moves toward the target
points they spread in the image and cancel each other
in the summation leading to a decrease in the norm
|g]. Thus, the image feature ¢ contains three effective
degrees of information and can be used as the basis of
a position stabilization control design.

Recalling Eq. 6, it may be verified that

(=-Uxq-QV, (8)
where a
Q=) ">, ()
i=1

The visual servo control task considered is that of po-
sitioning a camera relative to a stationary (in the iner-
tial frame) target. In our previous work [6], in addition
to visual information additional inertial information is
explicitly used in the error formulation. In particular,
the inertial direction of the goal target in the image
is fixed. That is a goal ¢* was chosen that has fixed
inertial orientation and moves in the image plane. The
advantage of such a choice is clear when one recalls the
example mentioned in the introduciton of a UAV (such
as a helicopter) hovering above a fixed target. If the
image vector has fixed inertial direction, then as the
UAV tilts the image error does not change. The goal
vector ¢*(t) moves in the (spherical) image plane in
exactly the same manner as the observed target. It is
only as the vehicles changes its position that the image
error changes. In prior work [6], this property was ex-
ploited to decouple the position stabilization from the
attitude stabilization problem. If no inertial informa-
tion for the goal vector is known then it is necessary
to define a fixed goal vector and deal with coupled dy-
namic equations.

Define ¢* € A to be the desired target vector expressed
in the camera fixed frame.

q = (qi,45.q5)" € A

The norm |g*| encodes the effective depth information
for the desired limit point while the direction of ¢*
defines the camera attitude up to rotation around the

axis ¢*. It is necessary that ¢* defines a goal that
is attainable by the vehicle considered otherwise the
dynamic model of the vehicle will not be in equilibrium
when ¢ = ¢*.

The image based error considered is the difference be-
tween the measured centroid and the target vector ex-
pressed in the camera fixed frame

01:=q—q". (10)

Deriving §; yields:

81 = —sk(Q)5, — QV — sk(Q)q" (11)

The above equation (Eq. 11) defines the kinematics of
the visual error d7.

It is of interest to study the structural properties of
Eq. 11. Consider the storage function |§;|?. The
derivative of this function is

%wl\? = —6Tsk(Q)5, — 67QV — 6Tsk(Q)q".

The first term is zero due to the skew symmetry of €.
Since the matrix ) > 0 is positive definite, the sec-
ond term can be seen as an inner product between 0y
and V. In this sense we think of the second term as a
the supply function to the storage function. Choosing
V = §; acts to decrease |61]%. The last term is the per-
turbation due to the fixed goal assumption and was not
present in the prior work of the authors [6] due to the
choice of an inertial goal vector. When the goal vector
is fixed in the image plane it is impossible to avoid the
presence of the perturbation term. The term resembles
the perturbations due to small-body forces that lead
to zero dynamic effects studied in recent works [4, 9].
This sort of term is particularly difficult to deal with
explicitly in the control design. It depends on the an-
gular velocity 2 and destroys the triangular nature of
the system that is necessary to apply the backstepping
approach. The approach taken in this paper is to leave
this term as a perturbation of the stability analysis of
the first order image kinematics. By choosing the con-
trol gains governing the higher order backstepping er-
rors correctly this error perturbation can be controlled
and dominated in the integrated stability analysis.

The image Jacobian® [7] (denoted .J) is obtained by
rewriting Eq. 11 in the classical form

=l s+ (g )=7( ).

In common with classical IBVS algorithms, the image
Jacobian depends on the unknown depth of the image
features. That is, although the points {p;} are known,
the depth parameters {|P;|} cannot be measured di-
rectly from visual data. However, for the proposed im-
age error the unknown parameters enter only into the

3Also known as the interaction matrix [2].



definition of the matrix @ (Eq. 9), and here they enter
in a structured manner such that the matrix @ > 0
is always positive definite. It is this property that is
exploited in Section 4 in the control design, avoiding
the necessity of estimating or approximating the im-
age Jacobian, a fundamental difficulty in most IBVS
algorithms [2, 7, 10]. In the present development we
consider a region in space on which the matrix @ is
uniformly bounded

)\min < {/\z(Q)} < /\max (12)

by two arbitrary bounds, Apax > Amin > 0, and design
a robust control algorithm valid on the entire region
considered.

4 Visual servo control for a VIT'OL aircraft

In this section, a control design based on robust back-
stepping techniques [8] is proposed for visual servo con-
trol of the under-actuated system that we consider.
The full dynamics of the error §; may be written:

61 = —sk(Q)0; — QV — sk(Q)q* (13)
mV=-mQxV+F=—-msk(QV+F (14)
R = Rsk(1), (15)
I0=-QxIN+T = —sk(Q)IQ+T. (16)

Before introducing the main result of the paper, we
introduce the following change of variables:

5y =V 5y, (17)
k1

03 =2£ (—T€3 + ngTeg) + 09 (18)
kiks

The error J is introduced to regulate the linear veloc-
ity of the camera and ensures that it comes to rest. The
additional error vector d3 incorporates information on
the attitude of the camera. This is natural for a system
such a VTOL aircraft capable to do stationary flight
since the desired motion can only be obtained by ex-
ploiting the attitude dynamics to regulate ;. If the
position and linear velocity are regulated then the to-
tal external force must be zero, —Tes + mgRTes3 = 0.
It follows then,

Res =e3, T =mg. (19)
This means that the pitch and roll rotations of the
rigid body are directly stabilised via the stabilisation
of the error d3. However, the yaw rotation around the
direction eg is not concerned by the stabilisation of the
error d3. To stabilize this remaining degree of freedom
an additional error criteria independent of ¢ must be
used [6]. In this paper and in order to simplify the anal-
ysis in the sequel, a simple proportional control is used
to stabilise the yaw angular velocity. More precisely,
we apply a linearising control in the third component

of angular velocity to set, 25(0) = 0 and apply a sta-
bilizing control to add robustness to the design
Fg = €3T(Q X IQ) — kQQg (20)
where kq is a suitable gain. The proposed control algo-
rithm, in the sequel, requires a formal time derivative
of the input T [6]. To provide this input, 7" is dynam-
ically extended.
T=U (21)
The motivation for adding an integrator is to ensure de-
coupling between translational and rotational dynam-
ics as shown in the sequel.

Recalling Eqn’s 13-25, the full dynamics of the visual
error 01 in terms of the additional errors ¢; (i = 1...3)
can be written:

. k k

5y = —sk(Q)6; — —Q8, — —Qdy + sk(¢)Q  (22)
m m

: k k ferk

by = — sk(Q)63 + 2 Q61 — ~~(kaT — Q)b + ——254
m m m

—sk(¢")Q (23)

: k k ferk

b3 = — sk(Q)05 + Q51 — L (koI — Q)y + —-244
m m m

K2k :
+ k% (sk (Te3 - %q*) - T63> (24)
1

Define 4 as a last error term. It is introduced to reg-
ulate the pitch and roll angular velocities as

2

m
- sk (Tes—
K2k (kiko + k) < ( s

K2ky |
172(1 Q+7T63537

(25)

04

where 7., = (I — ezel).

Introducing Eqn’s 21 and 25 in the expression of the
derivative of error 3 (Eq. 24), it yields

. k k Fiks +
by = —sk(Q)0s + L6, — kol — Q)5y + 2T L 5,
m m m
k3 " kiko + ks m
_Eé?’_(l_ﬂ-e?’) (bk(q )Q— 63+/€%k2U63)
(26)

Deriving the expression of d4 (Eq. 25) and recalling
Eqn’s 22, 23, 21 and 26, it yields

54 = —ﬂ'eSSk(Q)Jg + ﬁﬂ'eSle — ﬁ71'63 (kg[ — Q)52
m m

kiko + k3 m2
g IR T i Usk(es)Q
m T B2k (ks + ks) (es)
]{33 m2 k%kQ .
S P AT L —— Y ) L ) 0
R o r e (OB

(27)

Using the previous assumption (Q3 =0, Vt € R") and
considering only the existence of roll and pitch veloci-
ties, the expressions of the derivatives of the errors J3



and 04 become:

Ll
m

: k
b3 = —sk(Q)65 + — Q6 —
m

k
— 20— (I - me,) <sk(q*)ﬁegg -

(koI — Q)35 + Mﬁ
m

k1k2+k‘353+ m

(28)
. k1 k1
04 = —FeSSk(Q)(Sg + —7T53Q(51 — — ey (k‘g[ — Q)62
m m
kle + k’g 77?,2
T e L ks + o)
2

Tes Usk(€3) e, 2

K3k .
1 2q*) TregQ
m

(29)

ks M
m P K2ky(kyks + ks)

TeySk <T€3 —

It is now possible to present the main result of the
paper:

Theorem 4.1 Consider the dynamics given by FEqn’s
22-29. Let Amax be the maximal bound on eigenvalues
of Q. Let the vector controller given by :

k‘2]€2 kiko + ks k2k‘2 «
U= 17—6;1;(53 - ;n e sk(q")Q (30)
I
r=1" (51{(0)19 — kqSlzes — 2k USk(eg)Q
1k«
T--3a
k3ko(kiko + K k1k: k1k
_kika(kuks + ks) j+ S)Sk(eg) (sk(Q)(53+ 1225, — 25,
m m m
kiks + ks + k
_ KiRg + k3 + 454>) (31)
m
Let L be the Lyapunov function candidate:
Lo Tioo 1oo 1o,
=35 5 = = 2
L 2\51| +2|52| +2|53\ +2|54| (32)
ot Fuka (ki k + k
F(T) = 1h2 (k1 kzz:— 3)
m (T - qu)
and choose the positive control gains to satisfy
k2 > )\maxa
2mgq;
k1 <4 ———=,
1 oo
k )\max )\max Tmin *1)? kak

Amin(kQ - >\max)
ks > 0.

Then, for any initial condition such that the initial
value of the Lyapunov function candidate

2
1(img .
2 <k%k2 QS) )

(33)

£O) =3 51O + 515(0)

1 1
+ 5|<S3(0)|2 + 5\54(0)|2 <

the Lyapunov function is exponentially decreasing, en-
suring exponential stability of the errors 6; fori=1..4.

es 54

U
k3 ko €3>

Proof: Recall that:
Q=T 'sk(QIQ+I7'T
using the fact that:

k3ky
- q;)sk(es)

2k
’/Te38k <T63 B S 2q*) ey = (T _
m

and that m.,04 = 64,

taking the derivative of £ (substituting from Eqn’s 22-
23, 28-29 and using the feedback control given by Eqn’s
30 and 31) it yields:

. k k k k
L= —"L6TQ6y — ~26T (kyls — Q)5y — ~[63]% — 2|52
m m m m
k1 T ky T k1 T k1 T
+ —05 Q61 + —03 Qo2 + —64 Q01 + —d; Q62
m m m m
+ (81 — 62)Tsk(q*)Q2 (34)

Note that, due to the presence of the vector €2, the Lya-
punov function may not be monotonically decreasing.
Recalling the expression of the error term d4 Eq. 25, it
yields:

() = —% F(T)sk(es) (61 — 6) (35)

Introducing now the above relationship in Eq. 34 the
Lyapunov function derivative becomes:

; k k k: k
L= —=57Q81 — =07 (kals — Q)83 — —|8[* — =[5
m m m m
k k
+ 65 (Q — f(T)A)d1 + 05 (Q + F(T)A)s

+ 8@+ s+ s - r) A,
where A = —sk(q*)sk(e3)

From the above development, one has:

L<-XTsX
where X7 = [§; 83 03 04] and
k1Q 0 by BN
0 ki(kal-Q) —BN LM
= ’% M BN ks 0
= LI 0 k4
where:

M =(Q — f(T)A")
N =(Q+ f(T)AT)
The above quadratic expression is negative definite if
and only if the symmetric matrix X is positive defi-
nite. This is true if and only if the principal minors of
3 are positive. It yields then, the following sufficient
conditions:
k1 >0,
k2 > Amaxa

(k2 4 Amax) Amax + F(T)[|AAT]|3)?
)\min(kQ - >\max) ’

ks >

ky > 0.



In order to derive the conditions provided by the the-
orem statement, the following two sided bound on the
control T are obtained from Eq. 18:

k

(|52| +131)

<|52| + [03])

Combining the above two sided bound with the expres-
sion of the Lypunov function, it follows:

kk
2\/ <T<mg+—2\/

From Eq. 31, the uniqueness of the control input is

guaranteed as long as T' # Fiks L2453

Using Eq. 33 and condition on the gain k; of the the-
orem, it yields the following bound on the initial con-
dition of the control T

k2 ko k2K,
PR Py - L* /20
m lg"| <m m 0

It remains to show that this inequality is verified for
Vte RT.

2L

By continuity, the choice of gains k1, . .., k4 ensures the
positiveness of the principal minors of the matrix ¥ and
the result is proved. n

5 Example System and Simulation

In this section, the procedure presented in Section 4
is applied to an idealized model of the dynamics of an
X4-flyer.

Figure 2: A prototype (un-instrumented) X4-flyer with
thrust inputs.

An X4-flyer consists of four individual fans fixed to a
rigid cross frame (cf. Fig. 2). It operates as an omnidi-
rectional vehicle capable of quasi-stationary flight. An
idealized dynamic model of the X4-flyer [5, 1] is given
by the rigid body equations (Eqn’s 1-16) along with
the external force and torque inputs are (cf. Fig. 2):

T =T +Tn+ T + Ty, (36
Iy =dTs +Th — Trr — T, (37
Ty =dTr+ T —Trr — Thr), (38
I's =&k (Tfr + T — Tfl - Trr) . (39

~— Y ~— —

The individual thrust of each motor is denoted T\,
while & is the proportional constant giving the induced
couple due to air resistance for each rotor and d denotes
the distance of each rotor from the centre of mass of
the X-4 flyer.

The parameters used for the dynamic model are m =
9.6, I = diag(0.4,0.56,0.22), d = 0.25m, x = 0.01 and
g=9.8.

The simulation undertaken considers the case of stabil-
isation of the X4-flyer already in hover flight to a new
set point several metres distance from the initial con-
dition. Consider the case where one wishes to position
the camera parallel to a plan target characterised by
a square. In the case of a pin-hole camera the visual
measurements available are the projective coordinates
of the four points defining the square. These coordi-
nates are then transformed into spherical coordinates.
The desired target vector ¢* is chosen such that the
camera set point is located 3 metres above the square.
For the simulation undertaken, the values
Amin = 0.01m ™! and Apax = 5m !

were chosen. The region in task space for which these
bounds remain valid is a compact set that excludes the
target points (cf. Figure 3).

Figure 3: A cross section in the (z(or y), z) plane of region
for which the bounds Amax < 5, Amin > 0.01 are
valid

The initial condition was chosen such that the X4 was
in stable stationary flight in the specified region (Fig. 3)
at the beginning of the simulation

=025 -4, Ro=1I5 {=0=0.
According to standard aeronautical conventions height
is measured down relative to the aircraft and hence the

height of the X4 is negative with respect to the world
frame.

According to the theorem statement, the control gains
used were k; = 0.2 kg.m.s™', ko = 10 kg™, k3 =
30.5 kg.s~!, ky = 3 kg.s™!. These gains satisfy the
conditions of the theorem.



In Figures 4-5, the performances of the algorithm are
shown.

-6 -4

Figure 4: Positioning of the X4-flyer with respect to the
target.
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Figure 5: Evolution of the attitude and position of the
X4-flyer in 7roll (theta), pitch (psi) and yaw
(phi)” Euler angles and Cartesian space coor-
dinates (z, y, and z).

6 Conclusion

This paper has proposed a pure image-based strategy
for visual servo control of a class of under-actuated
dynamic systems. It extends our previous work [6] by
avoiding the use of some inertial information in the def-
inition of the visual error. After tedious but standard
calculation, we have proposed a decoupled (position
from orientation dynamics) control design followed by
a fully coupled stability and robustness analysis. The
simulation of the control of an X4-flyer shows the good
performance of the proposed control algorithm.
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