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Abstract

In this paper a modified version of the standard least-squares algorithm is presented. The aim is to use the proposed modified LS
algorithm in linear time-varying systems. The proposed modification involves the addition of extra terms to both the parameter
estimates’ and the covariance’s update laws. We establish a series of properties on the identification error, the parameter estimates and
the covariance matrix. These properties are important in an adaptive control context, because LS algorithms provide an easy way of
modifying the parameter estimates in order to avoid singular points in the control scheme. © 2000 Elsevier Science Ltd. All rights

reserved.
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1. Introduction

Most of the literature on adaptive control deals with
time-invariant systems. A few papers have dealt with
time-varying systems, mainly Salgado, Goodwin and
Middleton (1988), Middleton et al. (1988), Landau et al.
(1997), Slotine and Li (1991), Tsakalis and loannou
(1993) among others. Goodwin and Middleton (1988)
and Tsakalis and IToannou (1993) use only gradient-type
parameter estimation algorithms. Least-squares identi-
fication algorithms have been proposed by Salgado et al.
(1988) and Slotine and Li (1991). In Salgado et al. (1988)
a LS identification algorithm was proposed for linear
time-invariant (LTI) systems. It is suggested that the
proposed algorithm would work in the time-varying case
but the analysis is not included. Slotine and Li (1991)
proposed two LS identification algorithms with ex-
ponential forgetting and presented some convergence
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properties. Further properties are however required to
design an adaptive control algorithm.

In the LTI case least-squares parameter estimation
algorithms have been shown to have several advantages
over gradient-type algorithms. They minimize a perfor-
mance index on the square identification error, the
“covariance” matrix contains information on the system
that can be used to modify the parameters so that they
remain in the admissible region, etc. Nevertheless, stan-
dard LS identification algorithm are not suitable to esti-
mate time-varying parameters. None of the properties
obtained in the LTI case will hold in general in the
time-varying case. There is a need of high-performance
algorithms that are robust with respect to small time
parameter variations. These algorithms should be able to
operate for arbitrarily long periods of time without re-
quiring any re-initialization. It is clear that it would be
very useful to extend the LS algorithm to obtain such
identification algorithms for LTV parameter systems.

The new idea in the proposed algorithm is the
combination in the LTV context of the following two
elements:

(a) the o-modification in the update law of the estimate
of the parameter vector 0, and

(b) the inclusion of extra terms multiplied by u in the
update law of the covariance matrix P(t).

0005-1098/00/$ - see front matter © 2000 Elsevier Science Ltd. All rights reserved.
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Element (a) has been proposed by Tsakalis and Toannou
(1993) mainly as part of a gradient-type algorithm to
assure convergence of the estimated parameters to a given
parameter set. Element (b) has been proposed in a slightly
more complicated form by Salgado et al. (1988) for use
with LTI systems. See also De Mathelin and Lozano
(1999) for a direct least squares estimation. The goal of this
paper is to use these two elements together and provide
the complete analysis for the case of LTV systems. Hence,
we are able to establish y-small in the mean properties on
the identification error and various important signals. We
must finally point out that the LTI LS algorithm is ob-
tained as a special case when p = 0. Properties obtained
here are useful for designing an adaptive controller. In that
case stability will be ensured for small values of u and an
explicit upper bound could then be computed.

2. Identification of time-varying systems

We will be dealing with systems for which we can
obtain, after filtering with a Hurwitz filter, the following
compact form:

() = $(0)"0%(t) + w(), 1)

where y(t) is the output, ¢(¢) the normalized regressor i.e.
o)l < 1, 0%(t) the time-varying parameters and w(¢) is
a term depending on the error due to swapping terms or
unmodeled dynamics (or eventually noise corrupting the
system). In Appendix A we show how an expression as (1)
can be obtained for linear time-varying systems.

2.1. Assumptions

We make the following assumptions:
(1) The change ratio of the true parameters is known
and sufficiently small, i.e.

10*(0l] < e. )

The properties of the identification scheme to be pro-
posed will be meaningful only if the upper bound ¢ is
small as will be seen later.

(2) An upper bound M for [|6*(t)|| exists (but may be
unknown), i.e.

0%l < M. 3)

(3) The disturbance w(t) verifies

W)l < ce sup (e > Ilg(o)l)), (4)
0<t<t
where £, ¢ are constants depending on the chosen filter.

Remark. Assumption (3) means that the total filtered and
normalized noise w(t) should (roughly) be bounded by both:

(a) the maximum value of the filtered state-norm signal
[|¢|| over a given time interval and

(b) the maximum variation ¢ of the system’s parameter
vector 6(1).

Condition (a) is quite usual in the sense that it is often
found even in the LTI case. Condition (b) is reasonable
enough, since the data set (u, y) should contain enough
information to assure successful tracking of the TV
parameters. Thus any persistent bounded noise can be
tolerated by the identification scheme provided that its
contribution to the set (u, y) is less significant than the
effects due to parameter variation.

3. Description of the modified LS algorithm

There are basically two kinds of identification algo-
rithms that are extensively used in adaptive control:
least-squares-type algorithms and gradient-type algo-
rithms. The properties of these algorithms have been
thoroughly studied in the LTI case. Our aim is to derive
similar properties for LS in the LTV case.

We propose the following least-squares modified
algorithm for LTV systems as in (1):

A

0(t) = P(t)p(t)e.(t) — aP(1)0(1), (5)
P(t) = — P(t)"p(t)p(1)"P(1) + p(I + 5(P()"
+ P(t)) — P(t)"P(t)) (6)

with P(0) = P(0)" = P, > 0 being the initial value of P(t).
In (5), (6) 0(¢) is the estimate of the system parameters,
P(t)~! the “covariance” matrix and e, the normalized
identification error defined as

e(s) = y(s) — ¢(5)"0(0),  Vse[0,2]. ()

In the previous equation the error e,(s) is obtained using
the most recent estimate vector 0(t). This means that in
order to show the dependence of the identification error
on t it would be more appropriate to write e,(s,t). We
have chosen to use the simplified term e, (s) for the sake of
simplicity. The properties of this algorithm are estab-
lished in the following theorem.

Theorem 1. Let P(t) be the solution of Eq. (6) for some
initial condition P(0) = P(0)" = Py > 0. Then the LS-type
algorithm in Egs. (5) and (7) when applied to the system in
(1) verifies the following properties:

(a) P(t) = P(t)".
(b) P(t)>0, R(t) = P(t)"' >0 and
3u<tr(P) < K,

for some positive constant K independent of .

(c) The parametric distance 0(t), where 0(t) = 0(t) — 0%(t),
is bounded.

(d) The identification error e,(t) satisfies

t+T
EJ e(v)*dt <qo + wroT V1, T >0, (8)
t
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where qo, 1o are positive constants.

© er
f (P(D)p(x) ' P(O)p(r)dt < gy + pury T V7, T >0,
t
)
where qq,r, are positive constants.
(f) The rate of change of P(t) satisfies
t+T
J [|[P)||dt < g5 + wr, T V1,T >0, (10)
t
where q,,7r, are positive constants.
(8) The rate of change of 0(t) satisfies
HT
J‘ [10(0)|dt < g3 + w3 T V1, T >0, (11)
t

where qz,7r3 are positive constants.

Proof. (a) From (6), it is clear that P(t) = P(¢)". Given
that P(0) = P(0)" > 0, by integration we obtain P(t) =
P(t)". Now that we have established that P(t) is symmet-
ric we may rewrite (6) in a more convenient way:

— P(t)p()p(1)" P(1) + (I + P(r) — P(t)?). (12)

This form of the update law of P(t) will be used through-
out the rest of the paper.
(b) Consider the trace of P(t)

P(t) =

. d
tr(P(t)) = &tr(P(t)) = — @) P(t)*P(t) + pun
+ ptr(P(t)) — per(P(1)), (13)

where 1 = 2n where n is the order of the plant. Recall that
tr(P(e) = ). 4 tr(P)) = ), 22,
i=1

i=1

where A; is an eigenvalue of P(t).
Then for any k > 0
;.> >0

1.\2 k2 Lo

and k*/2 + (1/2k*)i} > ;. Hence summing from
i=1,...,n yields

k2 1 ,
tr(P(t)) <n — tr(P(t)°). (14)

2k2

From (13) and the above

. d
r(P(0) = tr(P(0)

< u|:n + nk leczﬂ (P(t)%) — tr(P(t)z)]
< ,u[ﬁ + h%z Y tr(P(t)z):|, (15)

where k = (1/2k* — 1). Choosing k > = it follows that
k > 0. From (14) it follows that if P(¢) is such that
SR o A1+ K2)2)
+WK KP, with K —T,
(16)
then tr(P(t)*) > K? which from (15) implies that
tr(P(t)) < 0. We therefore conclude that

tr(P(t)) < max(tr(Py), Kp) = K4, (17)

tr(P(1)) >

Let us now obtain an upper bound for R(t) = P(t)~ .
Differentiating the identity P(t)R(t) = I, we have

R(t) = — ROPOR(), (18)
R() = (O)p(0)" + w(I — R(1) — R(2)?). (19)
Note that, as (4;(R) — 1)*> > 0 where 4;(R) is an eigen-

value of R(t), we can obtain

> iR = 204(R) + 1) > 0

tr(R(1)?) > 2 tr(R(1)) — 7. (20)
From (19) and (20) we get
tr(R(1)) = [|¢O)II* + uit — ptr(R(t) — ptr(R(1)?)

<1+ 2un—3utr(R(t)). (21)

Thus if R(z) is such that tr(R(t)) > (1 + 2un)/3u then
tr(R(t)) < 0 and thus

(22)

tH(R(t) < max(tr(Ro), L+ 2un )

3u

Thus P(t) and R(t) exist and are bounded. Note that
P can become singular only when t - o0 and p — 0.

(c) In order to study the properties of the proposed
identification scheme the following function V is con-
sidered:

V(t) = 10)"R(t)0(t), where O(t) = 0(t) — 0%(t). (23)
Differentiating and using (5), (19)
V =0"RO + 10RO
= 0"RO + 30" (9" + ul — uR — uRA)0
= (¢"Pe, — c0"P — 0*")RD
+30"(¢p¢" + uI — uR — uR*)0
=¢,¢"0 — g0"0 — 0RO + X(¢"0)?
+ 501 — uV — 3ullRA). (24)

2 oL 2
5 1101
52||R0|)? .
+ 07||RO| +< %5

Let \/u/2 = 6. Then
. g
—0*"RO = — ||0RO + —
H 25
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Introducing the above into (24) and using (7) we obtain

o1, 1, (0% = 0%]|?
V—2W 2e, 009+<25 5R0+25
1 N2
+§/l||9|| —uv. (25)

Consider the following equation resulting from the
perfect square ||(¢/26)0 — 60 ||*:

AT g 2 g 2
_ ~: 2 h_sA s (2 N2
a0 Hzaﬂ ot o7l10] <25> =, (20)

choosing ¢ = 26% we get
~ ~ g 2 A
—60"0 = 5%10%)> — 67101|* — <25> 110112 (27)

Introducing (27) into (25) and using (2) and (3) we obtain

.1 1 e )2 ag\? .
< ipw? 2 i 2095112 — [ 2 2 _
V<ow 2er+<25> + 32110 (25> 1P — v
L NEREE VNN (L P ER (28)
< Wi —e %5 uv.

From (28) we observe that the term V; = (¢/20)*> + 6>M?
should be as small as possible. A reasonable choice for
0 is the one which minimizes V';. Thus, we consider the
constraint 0V;/06 =0. Its solution is & =,y =

V&2M( = /u/2). From assumption (3) and the fact that
llpll <1 it follows that

c2e? (29)

D=

w? <

D=

Introducing (29) in (28) we obtain

. 1 1
V< —Eerz—kiczsz—i-sM—uV

+s
M

&
< ——e? .
< —-é? i (30)

[N
N~

or

. 1 € [
< ——e2—_|V—=
V< 2e, (V 2>,
where [ = 2(M? + 4c?eM). If V >4 then V < 0. Conse-

quently, I/2 is the upper bound of V' and, consequently,
we have

, (31)
(;“minR)’

where (4, R) denotes the smallest of the minimum eigen-
values of R(t) for all t. This lower bound exists (see part

(b) of theorem) and is independent of p. In fact,

1
(lminR) = <()~maxp)>

> max<tr(1P)> (using (17))

> Kyt (32)
Then from (31) and (32) we conclude

101 < /IK,. (33)

Moreover ||((1)|| = ||0(r) — 6%(t)|| and

NO@I = 10*@II < [10(z) — 0*()I| < [10@I + [10*@)l. (34)

Consequently from assumption (2) and the LHS of (34),
we have

0%l = 10e) — 0*@II < 10 < 1)l + 110() — 6*(0)]|
or (using (33))

10 < M + JIK,. (35)
(d) From (30) it follows

. 1 ) 1 l
V< —zef—ulV—=)< —zet + uz. 36
< — 3¢ u( 2) < -6 g (36)

Integrating the above yields:

1 t+T
2J e,(v)fdt< —V(t+T)+ V() + usT
t

<V@t)+ 5T
<qo+ woT V1,T>0. (37)

(e) Integrating (12) we get

erTP(‘E)(b(T)d)(‘c)TP(T)dr =Pt)—Pt+T)

+ /JJI (I + P(t) — P(r)*)dt

t+T
< P(t) + uTI + ,uJ‘ P(7)dz.
t
(38)
Consider the trace of the above expression:
t+T
tr<j P(r)q{)(r)(b(r)TP(T)d‘c)
t
t+T
< tr(P) + nuT + uf tr(P(7))dt
t
<tr(P) + nuT + uK T, (39)
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where K is defined in (17). Thus,

t+T

$(0)'P()*¢ (1) de

t

J tr(P(D)()d(c)' P(r) dt = j

< tr(P)+ ulh + Ky)T

<qy +ury T V1,T>0.
(40)
(f) From (12) one has

IPOI < IPOGOSO POl + plll + P(6) — POl (41)

Integrating we get

J IIP(T)IIdTSJ ()" P(c)*$(v)]| d

t+T
+ uj LN+ [IP@ + [IP(@)?[1]de

(42)
and from (40)
t+ T .
j IP@Nldt < gy + wry T + u(l]| + Ky + KHT
t
<qp +uiry + 1| + Ky + KDT
<q, +ur,T. 43)

(g) Taking norms in (5), we have
1B)ll = IPOG©)e, O] + llePO)A)
<|IPOPO| le0)] + allPOAD)] (44)
Notice that

lec| 1Pl = [IPHII* + le.)* — (1Pl — 3le, )

< |IPOII> + e/ (45)
Thus, from (44) and (45)
0@ < PG| + Hle, 1> + allPOAD)I (46)

Recall that ¢ = 26 = p. Integrating (46) and using (35)
we obtain

t

t+T N t+T 1 t+T
J ll6(z)ll dz SJ IP(@)p(o)lI* de +;J le.(2)|* dt

t+T

+ uK( lKl—i-M)f dr 47)

t

or from (40), (37)
t+T .

J 10l de < g1 + pry T +3(qo + proT)
t

<qsz +ur3T. U (48)
Remark. (1) The p-small in the mean properties are

meaningful only if ¢ (and as a consequence ) is small, i.e.
if the plant parameters vary slowly with time.

(2) Property (e) is required to obtain properties (f) and
(g). These two properties together with (d) are essential to
design an adaptive control system, in the sense that the
signals ||§(t)|| and ||P(t)|| should be as smooth as possible
to prevent from having abrupt changes in the controller
parameters. In this case stability will be ensured for
small values of u and an explicit upper bound could be
computed.

(3) If we use the proposed algorithm for a LTI system
we will not obtain better results than if we had used
a standard LS algorithm. However a standard LS algo-
rithm will not be able to handle LTV systems while the
proposed algorithm will.

(4) As we have mentioned in the introduction a simpler
modified LS algorithm was proposed in Slotine and Li
(1991). In order to make a comparison, let us observe the
algorithm proposed in this book together with the one
proposed in this paper:

R=¢¢" —(R—K™") or

P= —Pp¢p"P + w(P — K 'P?) (Salgado et al.)
R=¢¢"+ul —R—R?» or

P= —Pp¢p"P + u(I + P — P?) (Lozano et al)

The reason to include the extra term R in our algorithm
can be illustrated if we consider the following experiment:

We make sure that the system’s input signal is persist-
ently exciting during a long time. Consequently P be-
comes very small. Then if the excitation is less significant,
P will grow more slowly when using the algorithm of
Slotine and Li (1991) than when using the algorithm
proposed in this paper. This can be observed by studying
the two previous equations of P and can be checked by
carrying out simulations. During the time that P is small
no tracking of the TV parameters can be assured. Thus,
in certain circumstances, the inclusion of the extra term
R? can enhance the tracking ability of the estimation
algorithm.

(5) Although Eq. (12) features common points with
a Riccati equation, a thorough examination reveals that
this is not true. In order to prove this, we will compare
the corresponding terms of the two equations. The form
of a Riccati equation is (Kailath, 1980):

P(t) = — P(t)F(t) — F(t)"P(t) — C'C
+ P)(G(OR ™' G(1)P(1)

for the system

x(t) = F(t)x(t) + G(t)u(?),

W) = Cx(1).

Consequently, we have F = u/2( — I) which is acceptable,
C"C = pu( — I) which is not acceptable and G(t)R ' G(t) =
— (uI + ¢(t)p(t)"). The last term means that matrix
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R should always be negative definite, which is impossible.
Hence (12) cannot be treated as a Riccati equation.

4. Conclusion

We have proposed a modified version of the standard
LS algorithm that can be applied to time-varying sys-
tems. We have proved that the estimates are bounded.
We have shown that the different system signals are
u-small in the mean. Current research is underway to
apply the proposed algorithm in the adaptive control
context.
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Appendix A. Obtaining expression (1) for a LTV system

Consider the following linear time-varying system:

A(D,1)}(t) = B(D, t)u(t) (A1)
with
ADD,t) =D"+ a; (D"~ " + -+ + a,(0), (A2)

B(D, 1) = bo(t)D™ + by ()D™ ™' + - + b,(t),
where () is the output and #(t) the input.

The system’s state is not supposed to be measurable.
Thus, we will apply a Hurwitz filter F(D) = (D" +
fiD" '+ .- +f) in order to obtain a filtered model
similar to (A.1) but with a measurable state. This proced-
ure involves:

(a) the filtering of the input and the output,

(b) the derivation of a model of the form
W) =0t)"¢ (1) + w(t) similar to the original
(1) = 0(t)" (1) but with ¢,(1) being a measurable
signal and

(c) the demonstration that the resulting 'noise’ term w(t)
is small under certain conditions.

Let us define the filtered signals:

Fyp =9,  Fip =i (A.3)
The original system (A.1) can be written as
Fy =(F — A)y + Bu
= (F — A)Fyr + BFiuy (using (A.3))
= (F — A)Fyr + BFuy + F(F — A)yr + FBiy
= F(F — A)yr + FBuy
+ [(F — A)F — F(F — A)]yr
+ [BF — FB]ii. (A4)

Let us denote

x(O)T0*(t) = (F — A)py + Biiy

Fnp =[(F — A)F — F(F — A)]yr + [BF — FBliiy. (A3
Then from (A.4) we obtain

FL3(t) — x(0)"0%(t) — ne(t)] = FLeo()] =0, (A.6)
where e, is an exponentially decaying term. Thus,

F(e) = x(0)'0%(1) + ne(t) + ex(0), (A7)

where

D! 1 D" 1"
x(t):[ - j/(t),...,Fj)(t),Fa(t),...,Fa(t)] :

The signal #,(t) arises from the filtering procedure. Let us
obtain the complete expression of #y(t). From the second
equation in (A.5) it follows:

Fnp =(FA — AF)yy + (BF — FB)iy,

; Fi i . (A.8)
1= X (= D IBY (@) = A%+ (0)]
i=1
with
0 . 1
Fi(D) = (afD)‘F(Dﬁ,
AYD, ) = a(e)D" " + - + aP(p),
(A.9)

BY(D,t) = b(t)D™ + bP()D" 1 + - + bi)1).

Consequently #r depends on:

(a) the initial values of y(t), u(t),

(b) the derivatives of y(t), u(t) and

(c) the time derivatives af(¢), ..., a(t) and bi(¢), ..., b¥(¢),
i=1,...,nin (A9).

Finally, we normalize (A.7) using the normalization
signal m(t) = 1 + supg<.<,||x(z)]]. Thus we obtain (1)
with y(1) = y(t)/m(t), ¢(t) = x(t)/m(t), w(t) = ng(t)/m(?).

We also have to make an additional assumption.
The magnitude of the derivatives a{(t),...,a?(t) and
(), ...,b% (), i = 1,...,nin (A.9) should be of order ¢ as
in Assumption 1. This means that a,(t), b ,(t) should be
smooth signals, thus ensuring that w(t) is a small
bounded quantity. Consequently from (A.8)

Fw(t) =

(A.10)
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Let W(t) = [w" ™ Y1) ... w9@)]". Then (A.10) can be re-
written as

d
GV =G

N AP

i=1
where Gy is the state space matrix of the filter F and
Hy =[1,0,...,0]". The solution of (A.11) is

t

W(t) ='W (0) + J e “"YHy
0

X {L i (—1F ixT(s)Gl >i0*(s)}d5,

m(t); =y di

Applying norms and using the additional assumption
we get
t
1
WOl <[[WO)lle™ + J e S TIK e—|Ix(s)l ds
0 m(t)
t

< ||W(0)le” ¢ + Klsj g 0-5¢t=9

0

X( sup e_0‘55"_”II<15(S)II> ds

0<s<t

<|WO)lle™ + K18< sup eO'55(’S’|I<l5(5)ll>

0<s<t

t
XJY e 0389 4

0

(A.12)

or

W) < W O)lle™ + cs< sup eo'sé"s’||¢(3)ll> = by,
0<s<t

where ¢, ¢ depend on the choice of the Hurwitz filter. Note
that if we consider W(0) # 0, the term ||W(0)||e " decays
exponentially and thus the last of the above inequalities
is similar to (4) after a short time. Eq. (A.12) is important,
as now w(t) in (1) can be treated as a bounded noise term.
The above procedure follows the ideas in Goodwin et al.
(1988).
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