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a renewed interest in MAP estimates has followed from the interestThe process is assumed to be Markovian, that is,
in soft-output Viterbi algorithms (SOVA's) [10]. These algorithms
are necessary in demodulation, decoding, and equalization problem
[9] in telecommunications, where several decoding algorithms need = Plgey1 = Sjlae = Si] == ai; (1)
to b_e_ concatenatgd togetht_er, and the hard-demsmp output Of. \t/veerea,i]v,l <i,j < N is known as the state transition probability
traditional VA applied early in the procedure results in degradathpom stateS. to stateS.
- . o o ; J-

of performance in later decoding steps. Recent work in mvesngatmgThe states are observed via a process
computationally efficient approximations of the HFBA has lead to
the development of an algorithm referred to as the Max-Log-MAP Oy =C(qe) + we 2
algorithm [20]. This algorithm is of interest since Robertstal. [20] ) o ] ] ) o
showed that maximizing the metric provided by the Max-Log-MAF"VhereC is a determlnlstl_c function (which, in a communlcatl_ons
algorithm results in the same state sequence estimate that is obtaf¥éiem. would be determined by the modulation type of the signal)
by the VA and, consequently, must be related in some manner@gdw. is the noise process. Denote the probabl_llty density function
ML probabilities. There has been previous work in computing MEf we By ¢( ). The probability of observing), given states; at
probability distributions at each time instance in a data stream (fMe #,0;(O:), is given by
fgr examp_le, Haye:et_ gl. [19)), however, the Me}x-Log-MAP algo_—_ b;(O¢) = P[O:|q; = S,]
rithm provides an efficient algorithm for computing these probability , e . .
distributions. Nevertheless, algorithms such as the Max-Log-MAP = (00 = C(S))); l<js N )
algorithm are computationally more expensive than the VA. They do, Typically, we assume white Gaussian noise with variancethus
however, generate soft outputs as well as estimating the same state
sequence as the VA. Recent work in efficient VLSI implementationsb](()g = L exp <__1 |O; — C(S‘j)|2)7 1<j<N.
[21] along with improvements in the speed of low-cost DSP chips o2 202
reduce the dependence on low computational cost solutions. 4)

I.n. this corrgspondence we provide a theoretical study of the Simi'To complete the model it is usual to include the initial state
larities and differences between the MAP and the ML state seque'&i&ribution ~ where
estimates and the HFBA and the VA used for the computation o '
these estimates. Our goal is to provide a simple extension of the (i) = Plgr = Si], 1<i<N. (5)
concepts of the HFBA and the VA couched in the terminology
adopted by Rabineet al. [6], [7]. We show that the interpretation
of the VA as the maximization of an ML probability measur ,
can be extended to provide an ML probability distribution fo|((1/]\f),~--,(1/N)).
states at each separate time instance as well as over the full data
set. Interestingly, the computation of this probability distribution is Ill. ML SEQUENCE AND MAP STATE ESTIMATION ALGORITHMS

achieved in an analogous manner to the HFBA and we refer tojn this section we briefly review the Viterbi algorithm (VA), the
this algorithm as the Viterbi forward-backward algorithm (VFBA)HMM forward-backward algorithm (HFBA) and the Viterbi forward-
The logarithmic version of the VFBA generates the Max-Log-MARackward algorithm (VFBA). These algorithms are all presented
algorithm presented in [20]. using a consistent notation (cf. [7]) which is also carried through
The similarity between the HFBA and the VFBA leads to they Section IV. It should be noted that practical implementations for
concept of a hybrid algorithm. The hybrid algorithm (based on th@iese algorithms exist [20], [21] and they should be used in preference
Varadhan-Laplace lemma [11], [12]) provides a continuously varying directly implementing the algorithms as they are presented in this
connection between ML sequence estimation (via the VFBA ar@ction. The VA and VFBA determine ML state sequence estimates,
hence the VA) and MAP state estimation (via the HFBA). Thigshile the HFBA determines MAP state estimates. The VFBA and

connection is achieved using a tuning paramétet 1 < oc. We  the HFBA also provide probability measures (reliability information)
show that in the limitsg — oo and . — 0, the hybrid algorithm for the state estimates.

yields the VFBA and the HFBA, respectively. The construction of

the hybrid algorithm emphasises the similarities in processing data jQr The Viterbi Algorithm

ML or MAP state estimates. Indeed, there may be applications where ) ) ] )

a delicate performance dependence exists between ML and MAP statdN€ Viterbi algorithm (VA) [13] determines the ML state sequence
estimates. In such cases, the use of a hybrid scheme (with on-ift¢" the time interval1,2,.--, T} given a sequence of observa-

adaptation of the tuning parameter) may result in performance gangps O = {01,02,---,Or}. This is accomplished using forward

The scope of this correspondence, however, is the thorough t¥Na@mic programming [14]. Leé (i) denote the ML information

oretical development of the hybrid algorithm. Practical applicatiofd©Pability measure, that is, the probability of being in stéteat
for the hybrid algorithm is the subject of continuing research. time ¢ maximized over all possible paths which end in stitewith

In Section I of this correspondence, we present a hidden Mark#}e observed data up to tinte

Elaetr = Sjlae = Sis qi—1 = Sk, -]

Though in signal processing applications, whereanpriori state
é'nformation is known, thens is usually chosen uniformg =

model. In Section Ill, we briefly describe the VA, the HFBA, and 4,(;) =  max  Plgi.---,qi1,q = Si, 01, O, -+, O4].
the VFBA. These three algorithms are presented using a consistent 91,492,731 ©)
notation (cf. [7]), so that their similarities can be readily identified. This can be computed via the recursion [7]
Section IV presents the hybrid algorithm while Section V is the
conclusion. 8:(1) = max [6;—1(j)a;:]6:(O;), 1<i<N,2<t<T (7)
Il. MODEL _] _ _ _

Consider the following system known as a hidden Marko@nd associated with an estimate of the most likely state at Time
model (cf. Rabiner [7]). Assume a finite numbef of states, Gr = arg max [67(j)) 8)
S ={51,52,---,S~}, and denote the state at timedy g;. 1<j<N
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there is an estimated state sequence C. The Viterbi Forward-Backward Algorithm
R R R The Viterbi forward-backward algorithm (VFBA) computes an
Gi,-+.gr—1 = argmax Plq, -+, qr-1.97 = 47, 0] posteriori probability measure for each state at each time but which
g1, 4T —1

is maximized over all valid paths which pass through that state. This
In practice the maximizing state sequence is extracted usind)l‘é)bablhty measure gives a degree of confidence for the state estimate

backtracking process. This is done by keeping track of the argumé’rl?ttamed at each time. The probability measures could also be directly
which maximizeds, (i) at each time used as soft outputs to a next stage VA, as required in communications

systems which use concatenated VA's.
Consider the ML information probability measufg), (6), given

vili) = afiilix [oe-1(7)asl; 1<isN2<tsT O e va, Assuming that one is given a block of observed data
- O = {01,0,---,07} then it is reasonable to consider a new
and then backtracking to obtain the most likely state sequenicdormation probability measure at timee {1,---,7"} determined
estimate, i.e., by
de = e (Gepr), t=T—=1,T=2,---,1. (10) Yl = max g ax Plgr. -+ qe—1,q0 = S,
ql-‘rl?"'qu'/O]ﬂ 1SL§lV 1SILST (17)

B. The HMM Forward-Backward Algorithm

The HMM forward-backward algorithm (HFBA) computes the This information probability measure determines the probability
MAP state probabilities of the transmitted sequence given a blo€k being in stateS; at time # maximized over all possible paths
of observations. Let, (i) denote the probability of being in stase  Which pass through staté;, given the observed data sequence

at time+ given the observed data sequence: O = {01, 0x.- -, 0y }. We will refer to this information probability
measure as thea“posteriori maximum path probability (AMPP)”
y:(i) := Plq: = S;|O] (11) Mmeasure.

To compute (17), we split it into two parts (analogous to (14)).

whereO = {01,02,---,0r} is the observed data sequence. The . ()= max  Plg-o 6 0n O
MAP state estimates are obtained by maximizipgover i it g X q1s° "o qt—1, 4t 5 O1, -, O
max  Plgii,,q7,Owmpr -+, O7lqe = Si]
di = arg max [v:(i)], 1<t<T. (12) arp1 o
Z =06¢(1)Be (i), (18)

To compute;, using Bayes rule, observe that Observe that the forward probability measurgi) is exactly

the standard VA's ML information probability measure, while the
(13) backward probability measute3, (i) can be computed inductively
(analogous to Rabiner [7]) as follows:

1) Initialization:

Pl = 5101 = =901

and P[g; = S;, 0] can be factored into

Plgi.=S5;,0] = P[O1. 0y, -+, 01, qi = 5] Briiy=1, 1<i<] (19)
“ P[Ot4+1,Ot2, -+, Orlqe = Si] 2) Recursion:
:O(f(i)gf(l) (14) ~ ot .
Bili) = max, [Br1(i)aijbi(Owa)],
where 1<i<N,T-1>t>1. (20)
(i) = P[O1,02,--+,0¢, q0 = Si] The AMPP#,(i) is a probability measure for every state at each
time, based on path constraints. To obtain a state sequence estimate
depends only on information obtained up to timand from the VFBA choose the state with the maximum AMPR:) at

each timet, i.e.,
,{5t(i) = P[Ot+1, Ot+2, T OT|(1t = Si]
¢ = arg max [%(4)], 1>¢t>T. (21)
which depends only on information frota-1 to T. Commonly,cv; () L
and 3,(i) are referred to as the forward and backward information Note: At each timet, a probability distribution is determined (i.e.,
probability measures, respectively. the AMPP distribution) and; is the state with the maximum AMPP

They can be computed recursively as follows (cf. [7]): (cf. the Max-Log-MAP algorithm [20]). Also, the state sequerige}
is the same as would be obtained via the VA (see [20] for details).

N It may also be possible to reduce the computational complexity
(i) = [Z oy (.7>a,ii:| bi(O:), of the VFBA by using implementations such as those described in
j=1 [20] and [21] or by applying known HMM based techniques (i.e., on-
ao(i) =7 (i), 1<:<N, 2<¢<T. (15) line implementation using fixed-lag or sawtooth-lag smoothing [15]).
N Reduced state Viterbi techniques [16]-[18] may also be applicable.
Be(i) =3 aijbi(Oer1) B (),
7=t 1Recall that the Markov property ensures that opge= S; is taken as

Br(i) =1, 1<i<N, T-1>t>1. (16) known, all other prior data becomes redundant.
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IV. A HYBRID VITERBI/HMM FORWARD-BACKWARD ALGORITHM Proof:

Comparing the VFBA and the HFBA shows that the structures of Part a):
these two algorithms is similar. In this section, the structural similarity USing the asymptotic expansion
is exploited to develop a hybrid Viterbi/lHMM forward-backward
algorithn? which provides a mathematical connection (via a tuning
parametep:) between computing the VA sequence estimates and ta es
HFBA state estimates. This single hybrid algorithm can be used

e‘":l—l—x—l—()(w ), forz — 0

compute either ML sequence estimates (using valueg ef oo) 1 1 &
or MAP state estimates (using values pf — 0), for a given a L {— In (T Z exp(pd (u)))}
block of observations. The hybrid algorithm is also able to provide " " o=t
estimates which interpolate between ML sequence and MAP state . 1 1 &
estimates (using values pfbetween) andoc), that is, if there is an = ;1}310 {; (N Z (14 pdj(p) + O ))) }
application where, in some sense, this provides meaningful estimates. J=1
Let © be a real positive parameter (i.6.,< ¢ < o) and con- ) 1 N
sider thep-dependent forward and backward information probability = lim { In (1 + = Z d;( )) } (28)

measuresx(; (i) and7{ (i), respectively) defined recursively as

_ Similarly, using the approximation
N — H
K1 (i) = b (Oy) A+ NV =1e™™)

i In(1+42) =2+ O(z?), forz — 0
1 = . :
-1n i Z [eXp(ﬂh’tfl(j)(l‘jz‘] and observing that 0., d;(u) = O(y) for u — 0, gives,
N &
)i =),  2<t<T (22) . {1 < 1 &
- lim ¢ = In| — exp(pd;(p))
iy < L (Y = D) A\ e
M N
N D [(#
1 ' , =lim {~ || & di(p)+O0(p”) ) +0w")
-In (1\—, ]; [CXI)(HTﬁH(J)(lijb]'(0t+1))]> u—0 {,u, N ; J
i) =1, T—-1>t>1 (23) = lim {i Z dJ-(;z)+()(;L)}. (29)
n—0 1 =

for 1 < i < N. Let 8/(:) be defined as the hybrid posteriori
information probability measure, and determined by the product of Finally, taking the limit gives

the forward and backward information probability measures, i.e., ) | X
— In exp(pd; (1 (7 30
00G) = kE()TE(),  1<t<T. (24) W0 {u (N ;1 Dy 1) )} Y Z (30)
A maximum hybrida posterioristate estimate can be obtained by |
determining which state has the maximum valuedfi) at each  Part b):
time, i.e., Using the identityln (ab) = In (a) + 1n (b) gives
G — oror o~ [ (5 N
q; = d;zjlilj\lfx 167 (4)1, 1<tLT (25) lim l n 1 n l In Z exp(ud; (1)) (31)
s p—oo | p N Iz =

although the?!' (i)’s could also be used as soft outputs.
g @) P but the left-hand term— 0 as u — oc. Applying the Varad-

Remark: In practice, thén ((1/N) E]»’:l [exp(-)]) would be com- han-Laplace lemma to the remaining expression yields (cf. [11],
puted using the Jacobian logarithm in a manner similar to [20, €42])

(16)].
N
1 1
The motivation for considering the information probability mea-  lim {; In <— Z (‘Xp(/ldj(ﬂ)))} =max [d]°].  (32)
3 J

sures ((22) and (23)) is given by the following proposition. e NS
Proposition 1: Let d;: RT — ®*T,j = 1,---, N, be continuous O
functions with well-defined limits at zero and infinity (that i, = It remains to show that this result ensures that the hybrid algo-
lim, o {d;(p)} anddj® =lim, o {d;(n)}). Then rithm does in fact interpolate between ML state sequence estimation
(obtained via either the above VFBA or the VA) and MAP state
‘ 1 & . estimation (obtained via the HFBA). The proof of this has been split
a) 31210 —In N Z exp(pud;(p V Z 4 (26) into two lemmas to aid presentation.
7=1
L& Lemma 1: The forward information probability measure (i)
b) ;lli—nio {// <N ; exp(pd;(p )} = max [d7°]. (27) limits to

a) lim, .o {x}'} — a((i)—the forward information probability
measure of the HFBA, and

2This will be referred to as the “Hybrid Algorithm” in the rest of this D) limu—o {s{'} — 6:(i)—the forward probability measure of
correspondence. the VA (and the VFBA).
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Proof:
Part a):
Initialize #9(i) := =(i). Assume that

Ry (1) = lim {r!_, (i)}
pn—0
exists and observe that
N — —H
#)(i) := lim {b,;((),;) A+ (V= De™)
pn—0 14
N
1
(52
=1

OXp(lmi"_l(j)a,n)O } (33)

Taking the limit of the right-hand side, notingn,,—o {e " #} =1,
and using Proposition 1, Part a) gives
j\?

80 =100 3 iy (40 |
=
j\?
=b:(00) > [re—1(i)as). (34)
=1
Thus by inductions? (i) exists for allt = 1,---,T and, in fact,

k{ (k) =lim,—o (7). Comparing (34) and (15) it follows that
ke (1) = au(4). (35)

O
Part b):
Initialize x7°(¢) := = (i). Assume that

kio (i) = HILH;Q {rt_ (D)}

exists and using the identity (ab) = In (a) + lu (b) observe that

ki (i) = HILH;O {bz(()z)(l + (N —1)e™) |:/ll In <%>

1 N
+ o (Z [exp(wt*_l(j)am]ﬂ } (36)

=1

Taking limit of the right-hand side, noting thhin, ... {e *} =
0, and using Proposition 1, Part b) gives

ri(i) = max {Hm {Hi’_l(.i)}a,j,}b,;(of,)

1<GEN [p—e
= max [£:1(5)a;i]bi(Or). (37)
Thus by inductions§° (k) exists for allt = 1,---,T and, in fact,
k(1) = limy—oo {K] (i)}
Comparing (37) and (7) it follows that
K (2) = 6.(7). (38)
O

Lemma 2: The backward information probability measurg (i)
limits to

a) lim, .o {7}'} — fA:(i)—the backward information probability

measure of the HFBA, and

b) lim, oo {7/} — A:(i)—the backward probability measure

of the VFBA.
Proof: The proof is analogous to that for Lemma 1. O
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Theorem 1: The hybrid algorithm interpolates between the HFBA
and the VFBA. That is,

@ @' = fim {4}, and o
D) @t =t {4 -

are the state estimates that would be obtained via the HFBA and the
VFBA (and hence the VA), respectively.

Proof:
Part a):
Taking the limit asz — 0 of (24), using Lemmas 1 and 2, Part a)
proves that? (i) = (i), and thus
Q= lim {q;'}=q'""" (41)
|
Part b):

Taking the limit asy — oo of (24), using Lemmas 1 and 2, Part

b) proves that¥{°(i) = (i), thus
@ = lm {q}=q""" =" (42)
(I

Practicalities: Observe that sincé} is a hard decision from a
finite set, then for sufficiently smajt — 0,¢" = ¢'"* and simi-
larly for sufficiently largey — o, ¢/ = ¢'"®*. The computational
complexity and numerical implementation issues associated with the
hybrid algorithm can be overcome using the Jacobian logarithm (cf.
[20, eq. (16)]).

The hybrid algorithm provides a mathematical connection between
the widely used Viterbi and HMM forward-backward estimation
methods. By use of the tuning parameter, the hybrid algorithm may
also prove useful in the development of adaptive algorithms. That is,
algorithms which adaptively change from estimating ML sequences to
estimating MAP states (afice versawithout having to swap between
two different algorithms instantaneously. The hybrid algorithm may
also be used to obtain state estimates in which the rigid path
constraints imposed via ML sequence estimation could be relaxed by
varying degrees. However, determining practical applications where
the hybrid estimates are meaningful and/or advantageous, is the
subject of continuing research.

V. CONCLUSION

In this correspondence, a hybrid Viterbi/HMM forward-backward
algorithm was developed. This algorithm provides a mathematical
connection between maximum-likelihood sequence estimation, ob-
tained via the Viterbi forward-backward algorithm (and thus the
Viterbi algorithm), and maximuna posteriori probability state esti-
mation, obtained via the classical HMM forward-backward algorithm.
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