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A b s t r a c t .  In this paper static-state feedback laws are considered which address the 
problem of output  stabilization of non-linear dynamic control systems without drift. 
It is shown that  as long as a dynamic-state control law exists which input-output  
decouples a given system, it is possible to construct a static-state control which stabi- 
lizes the systerffs output.  The design procedure sheds light on the inherent difficulties 
in designing internally stable control laws for non-linear systems. To demonstrate 
the theory, it is applied to the task of designing an output  stabilizing feedback for a 
simple model of a mobile robot. 

K e y  W o r d s :  Non-holonomic systems, output  regulation, internal stability. 

1. INTRODUCTION 

When designing control laws for dynamic sys- 
tems it is preferable to use the simplest, most 
direct design methodology available. In the case 
of smooth finite-dimensional non-linear dynamic 
control systems, arguably the most direct form of 
feedback law is "static-state feedback" where the 
control variable is computed as a time-invariant 
function of the state variable. If the system is- 
smooth,  then one would naturally like the con- 
troller also to be smooth. Unfortunately, when 
one considers the problem of designing a con- 
troller to asymptotically stabilize the state of 
a non-linear dynamic control system there is a 
fundamental  l imitation to the efficacy of such a 
class of controllers. In particular, Brockett (1983) 
showed that  for many systems where the num- 
ber of inputs is strictly less than the number 
of states, no smooth static feedback law exists 
that  asymptotically stabilizes the state. To over- 
come this difficulty two approaches are commonly 
employed, firstly the use of time-varying control 
laws, see for example (Pomet,1992), and secondly 
the use of discontinuous static control laws, see 
for example(Canudas de Wit and Sordalen,1991, 
Kolmanovsky, et al., 1994). A connection be- 
tween these methods is presented in(Coron et al., 
1994). An important  application for these con- 
trol methodologies is the task of controlling mo- 
bile robots (d'Andr@a-Novel, et al., 1995). 

This paper is concerned with non-linear dynamic 
control systems of the form 

d 
m 

- - x  = f ( x )  + ~--~gi(x)ui, dt 
i = 1  

y = h ( ~ )  

x(o )  = ~o 

(1) 

where x E R n, the system is square y ,u  E R m, 
and the functions f ,  g~ : R ~ --4 R n and h : R ~ --4 
R "~ are analytic. The algorithm presented be- 
low may be applied to smooth systems; however, 
the restriction to analytic systems simplifies the 
presentation of the technical details. For typi- 
cal models of mobile robots (d'Andr~a-Novel, et 
al., 1995) the drift term f ( z )  =_ 0 is equivalent 
to zero. It is convenient in the following devel- 
opment, however, to derive the results for the 
general case. A related problem to the question 
of full-state stabilization, that  of output  stabiliz- 
ation, is investigated. For example, in the case of 
a mobile robot one may wish to "park" the robot 
at the origin but not care about the orientation 
of the robot 's wheels. Thus, the output  would be 
the Euclidean coordinates describing the position 
of the robot, while the orientation of the wheels, 
etc. would be additional states. 

Since the systems of interest to this paper are 
square systems in which there are as many control 
inputs as outputs, the controller design is under- 
taken by utilising input-output  decoupling algo- 
rithms available in the literature. In particular, 

1009 



1010 R. Mahony et al. 

the dynamic extension algorithm, outlined in Ni- 
jmeijer et al•, (1990, pp. 263-264), is used. In 
the case where the input/output decoupling ma- 
trix (or just decoupling matrix (Nijmeijer, et al., 
1990, Eq. (8.24))) of the system is full rank it is a 
trivial matter  to assign linear stable dynamics to 
the output. Once a control law has been designed 
for the task of output  stabilization,however, it is 
then necessary to consider the question of inter- 
nal stability for the closed-loop system. A recent 
paper (Mahony, et al., 1993) gave a result that 
characterises a set of initial conditions for which 
the internal stability of the closed-loop dynamics 
(given the trivial linearising control law) is guar- 
anteed. This paper considers the case where the 
decoupling matrix is not full rank, and shows that 
it is possible to assign stable dynamics to outputs 
by utilising higher-order system dynamics using 
the dynamic extension algorithm. The specific 
task considered in the design procedure results 
in important modifications to the basic dynamic 
extension algorithm, and provides a way of study- 
ing the difficulties associated with designing inter- 
nally stable control laws for non-linear systems. 
To provide an example, the methods outlined in 
the paper are applied to a simple dynamic model 
of a mobile robot. 

2. STATIC OUTPUT-STABILIZING 
FEEDBACK LAWS FOR SQUARE 

SYSTEMS 

This section presents an algorithm for comput- 
ing a locally smooth static control law u := u(x) 
which exponentially stabilizes the output of a sys- 
tem for which the decoupling matrix is rank deg- 
enerate. The algorithm is valid for those systems 
for which the dynamic extension algorithm (Ni- 
jmeijer, et al., 1990, Section 8.2) can be used to 
design a dynamic feedback law to input-output 
decouple the system. 

Consider the system Eq. (1), rewritten as follows, 

d 
-~x = f(x) +g(x)u, 

y = 

• (0)  = (2) 

Here g(x) = [gl(x) [ . . .  igm(z)] is the R "×m ma- 
trix made up of the input vectors. Let p~ , . . . ,  p~ 
be the characteristic numbers of the outputs y = 
(Yi,. . . ,Ym) (Nijmeijer, et al., 1990, p. 246). 
Thus one can write 

(pl +i) ) 
Yl 

. ( p ~  q - l )  ffrn 

= El(x) + Fl(x)u 

Plq'l . . ,  L ~ + l h ( x ) )  T and where El(x)  = (L I h(x),. 

Fl(x) is the decoupling matrix 

Lg, L;lhl(x) ... 
Fi(x) = 

LglL $ hm(x) "'" 

LgmL I hi( ) 

pi 
Lg m Lira hm (x) 

Since the system given by Eq. (1) is analytic, the 
rank of Fi (x)  is constant except on a set of mea- 
sure zero in R n. Denote the generic rank of F l(x) 
(off the set of measure zero) by ri .  It is convenient 
to refer to the set of points at. which the various 
rank conditions, required for the construction of 
the output stabilizing feedback law, do not hold 
as the set of singular points in R" .  Thus, the 
set of singular points includes all points at which 
rank Fi(z) ~ r: as well as other points defined 
below• The set of singular points will always be 
of zero measure in R" .  

Given a point x E R n which is not a singu- 
lar point, reorder and relabel the output  func- 
tions hi , . . . ,  hm to ensure that  the first ri rows 
of FI(x)  are linearly independent• Reorder the 
inputs u (and hence the columns of FI(x)) to 
ensure that the first rl columns of FI(x) are 
also linearly independent. Partition the output 
into two parts: ( h l , . . . , h r l ) ,  the outputs as- 
sociated with the first rx linearly independent 
rows of Fi (x) ,  and ( h r l + i , . . . ,  hm), the remain- 
ing outputs• Correspondingly, partition the vec- 
tor EX(z) into its first rl entries, E~(z), and its 
remaining entries, E~(z), and the matrix Fi(x) 
into four submatrices where the upper left sub- 
matrix, Fl l(x)  E R ~Ixrl is square. Thus one has 

1 

• : E 1 ( x )  + 

~,(~+~) 

F~I (x) F212 (x) 

By construction Fill(x) is a full-rank invertible 
matrix and the last m - rl columns of Fl(x) 
are linearly dependent on the first rl columns of 
Fi (x) .  The linear dependence can be computed 
from the dependence of F~2(x ) on F~l(x ). Con- 
sider the input transformation 

( (F~i)-i  -(F~1)-lF~2 u i 
0 Im-r~ ) ( ~1 ) ,  

+ 
\ 

(3) 
where the new inputs are denoted (u l ,~  l) E 
R r~ x R "~-~'. Applying this feedback transfor- 
mation to Eq. (1) yields the output dynamics 

( 0 ) 
: E l 1 1 - 1 1 -- F~I (FI  i ) E1 

{ I~ 0 u 1 
Ell(Ell1) -1 0 / ( ~ 1  / " + 

t 

. . . . . . . . . . . . .  [ "  
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Thus, after applying Eq. (3), the first r l  outputs 
are input-output  decoupled from the new inputs 
u I E R ~ , and fully decoupled from the remaining 
inputs ~1. 

It is at this point that the present development 
differs significantly from the standard dynamic 
extension algorithm. Since the aim is simply to 
stabilize the output,  it is possible to specify the 
first rl  inputs u 1 to stabilize the first rl  outputs 

1 ) a s  explicitly• Define the inputs u 1 = ( u ] , . . . ,  u~ 
follows 

dJhi 
~(~) : - ~ c ; : + '  dV (~)' ~= ~ ' ' ~ '  

j=0 

= - E C f : + I L J / h i ( x ) ,  (4) 
j=0 

a! 
where Cg - b!(a-b)!" Choosing u~(x) as given 

above ensures that  Yi (t) satisfies the linear homo- 
geneous differential equation 

( d )  (p:+I) 
-dt + 1 yi(t) = O, 

which has the solution 
1 1 

u,(t) = (~o + 4 t  + . . .  + c;'t", )~-', 
0 for constants c i = Yi(O), 

l P~--~ pdJYi to ~ 
= p ! ~ ( 7 }  d-~- ~ j, f o r p =  1,...,p/X. (5) 

j=o 

Thus, one may define a new (partly closed-loop) 
system with inputs u ~ E R m-r~ and outputs y~ E 
Rrn-rl 

-k- ( (Flll)-I  - (Fl l i ) - IFl l2  u' 

(6) 

Yl z..,j=0 

y,., V,P',, c~ tJ e - t  Z.~j---0 

( v(pl~I +1"t- 1) ) 
~rl+l 

y !  - -  . , 

= E ~ ( Z )  -- F l l ( X ) ( F l l ( x ) ) - I E ~ ( T ,  ) 

-4- F l l ( x ) ( F l l ( x ) ) - l u l ( x ) .  (7) 

The new inputs u' E R . . . .  are just  the inputs ~1 
that  were not assigned in the first step of the algo- 
rithm, while the new outputs  y' are the highest- 
order time derivatives (used until now) of the un- 
stabilized outputs that  were obtained in the pre- 
vious step. Observe that  the new inputs u ~ do not 
enter directly into the output  equation (7). 

R e m a r k  1 It is most convenient to continue 
subscripting both remaining inputs and outputs 
as though they were parts of the full input and 
output  vectors. Thus, the new input vector is 
u' = (urn+l , . . . ,  Urn), while the output  vector is 
analogous. Recall that these labels do not nec- 
essarily correspond to the original labels, due to 
the relabelling and reordering procedures. D 

To obtain a full control law it is simply a question 
of applying the same step to the newly defined 
system, Eqs (6) and (7). The new characteris- 
tic numbers are denoted p2, i = rl + 1 , . . . , m  
and the m a t r i c e s  E2(x) and F 2 ( x )  a re  analo- 
gous to those derived above. Certainly, the new 
system is "analytic except on the set of singu- 
lar points (in particular those where FI(x )  is 
rank deficient) and the generic rank of FZ(x) 
is denoted r2. One includes all the points at 
which F2(x) is rank deficient in the set of sin- 
gular points and considers only points x E R '~ 
which do not lie in this set. An analogous in- 
put transformation to that used above will input- 
output  decouple the first r2 outputs of y', namely 
( Y r l + l , . . . , Y ~ + ~ )  from the first r2 inputs of u', 
denoted u 2 = ( u ~ + l , . . . ,  u~,+~), as well as fully 
decoupling (y~ +1 , . . . ,  y~ +r2) from the remaining 
inputs g2 = (Ur~+~2+l,...,Um). 

It is convenient at this stage to give the gen- 
eral form for the feedback used. Assume that 
one has assigned k -  1 sets of inputs ul(x) ,  
u 2 ( x ) , . . . , u k - l ( x )  (and consequently k -  1 sets 
of outputs. Let 

T~ = p a + p~ + . .  + p~, 

for i = (rl + . . .  + rk-1 + 1), . . . ,  (rl + - - - +  rk). 
Specify the k'th set of inputs as follows 

(T, ~) ~ ~ . J 
u~(~) = -  E ~J~' +1~(, ,+1_j)  d~ ~ ~ . , . ~  ~..,, . , ,  (8) 

dt 
j=O 

for i = (rl + - "  + r k - 1  q- 1), . . . ,  ( r  1 -t- - - .  q- rk) .  
Choosing uik(x) as given above ensures that  yi(t) 
satisfies the linear O.D.E. 

d ) (T~q-1) 
+ k y(t) = o, (9) 

which has solution 

r,. 
y,(t) = c "  ~ 4 t 5 ,  

j=O 
(10) 

for i -~. (r 1 -[- ..----[- Vk_ 1 -~- 1) . . . .  , (rl + . . .  + rk), 
and for constants d i given by Eq. (5). 

As a consequence of this choice the k ' th set of 
outputs converge to zero strictly faster (exponen- 
tially with rate - k )  than the previous sets of out- 
puts (at best exponential with rate - ( k  - 1)). 
This choice is made in the hope that  the later 
outputs, most prone to numerical ill-conditioning 
(due to repeated singular input transformations), 
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converge before any ill-conditioning in the algo- 
r i thm occurs• 

To fully determine the inputs, one continues to 
apply the above procedure until all the inputs 
have been determined. Since the system has been 
assumed to be full rank (Nijmeijer, et al., 1990, 
Theorem 8.19), it follows that each output  can 
eventually be controlled by an input. Denote the 
total number of steps taken to assign every out- 
put as K. Then the evolution of the output  of 
the system is given by 

yl(t) '~ ~j=0 

/ 
X-'~Olrl cj lJe - t  

Yr, (t) /_....j=,a r ,  

vm(t) Ef o<V ' 

One of the consequences of focusing on the design 
of a practical control law using the algorithm out- 
lined in this section is the structure of the set of 
singular points, 

S = {z • R n [ de tF~l (x  ) = 0, k • { 1 , 2 , . . . ,  K } } ,  

in the state space. On this set of points the above 
algorithm fails, and one would expect that  the 
output  laws themselves would become unbounded 
in the vicinity of 8. This issue is not only rele- 
vant for the algorithm outlined above, but it is a 
fundamental l imitation for any algorithm that  re- 
lies on the decomposition of input-output  depen- 
dence used by the dynamic extension algorithm. 
Observe, however, that  in the method outlined 
above the new singularities introduced at each 
step, following from the equation det Flkl (z) = 0, 
are explicitly known before the control law is con- 
structed. In this manner one can design the con- 
trol to achieve the control objective, as well as to 
avoid the singularities which would cause the sys- 
tem to become unstable internally. The choice of 
control law given earlier appears to achieve this 
aim effectively in the case studies completed to 
date. A further observation is that the set of sin- 
gular points is dependent on the choices made 
during the algorithm, of which outputs to stabi- 
lize at each step and which inputs to use. This de- 
pendence is shown nicely by the example in Sec- 
tion 3. 

3. A MOBILE ROBOT WITH A SINGLE 
CENTRED ORIENTABLE WHEEL 

In this section an example of a kinematic model 
of a mobile robot (cf. Fig. 1) is considered. The 
robot state is described by the coordinates (x, y, 0,/3), 
where (x, y, 0) describe the position and att i tude 
of the robot and the additional coordinate, fl, de- 
scribes the orientation of the front driving wheel. 
The output  regulation task considered is to design 

a controller that asymptotically stabilizes (x, y, 0) 
to the zero state. That  is, a control that parks 
the robot at the origin, pointing straight along 
the z-axis. 

Consider the robot shown in Fig. 1. The robot is 
a type (2, 1) robot using the classification scheme 
developed in (Campion, et al., 1995). That  is, 
it has two degrees of steering freedom and a sin- 
gle degree of freedom of motion. The steering 
freedom is provided by steering control on both 
the centred orientable wheel of the robot as well 
as one of the off-centre wheels. When steering 
input is applied to an off-centre wheel it trans- 
lates into rotational motion of the robot frame. 
The single degree of freedom of motion is due to 
the rolling non-slipping motion of the centred ori- 
eatable wheel at the reference point of the robot 
frame. The remaining off-centre wheel in Fig. 1 
simply provides stability, and is free to rotate to 
accommodate the motion of the robot determined 
by the orientation of the other two wheels. The 
control inputs can be thought of as the drive ve- 
locity on the centred wheel, ul, the steering con- 
trol for the centre wheel, u3, and the rotational 
velocity of the robot frame induced by steering 
the off-centre wheel, u2. A kinematic model for 
the robot is given by (Campion, et al., 1995) 

= ul cos(O + fl), 
~) = u t s in (O+f l ) ,  (11) 

/3 = U 3 . 

10,0j x t u , / / , ~ ~  

F" 
Fig: 1. A mobile robot of type (2,1) in the clas- 

sification scheme presented in(Campion, et 
al., 1995). 

R e m a r k  2 Observe that  the steering input into 
the off-centred wheel will be related to the rota- 
tional velocity of the robot frame in a non-linear 
manner that depends on the drive velocity ul.  
This paper is not concerned with details of this 
relatiohship. In addition, the model (Eq. (11)) 
is only a kinematic model of the robot• A dy- 
namic model (involving forces and torque control 
rather than velocity control) contains singulari- 
ties which are present since the rotational motion 
of the robot frame induced by steering the off- 
centre wheel is limited by the distance from the 
centre of the wheel to its pivot on the robot frame. 

[] 
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Writing the kinematic model for the robot shown 
in Fig. 1 in the form of Eq. (2) one has 

d s i n ( 0 + / 3 )  0 0 ux 
d--t = 0 1 0 u2 

/3 0 0 1 u3 

= g(x,  y, O,/3)u. (12) 

The output function considered is 

(x) h(~, y,/3, 0) = 13) 

¢:u~- I 

9. 
ca - 2  

-3 

-4 

0/rt 
/ 

/ 

/%,, 
L / ] / /  Y 

p/n 

, i i 

5 
Time in seconds 

Fig: 2. Plot of the state (x, y, # 7, ~) for a closed- 
loop simulation of the kinematic model of 
the mobile robot shown in Fig. 1, with 
static-state output stabilizing control law 
given by Eqs (14), (15) and (18). 

Observe that, the system, Eq's (12) and (13), can- 
not be input-output decoupled since 

Dh(x ,  y, O,/3)g(x, y, 0,/3) 
cos(0 +/3) 

( 1 0 0 0 )  s i n ( 0 + / 3 ) 0 0  01 01 00 0 

0 
( c o s ( 0 + / 3 )  0 0 )  

s in(0+3)  0 0 , 
0 1 0 

l0 

oo) 
0 0 
1 0 ' 
0 1 

is rank deficient. This matrix does have rank 2, 
however, and the algorithm outlined in Section 
2 proceeds by using two control inputs Ul and 
u2 to regulate two output variables. The output 
variables that can be chosen are 0 and either x 
or y. Consider the case where h i (x ,  y, O, fl) = x 
and h3(x, y, O,/3) = 0 are first regulated and then 
later h2(x,y, 0,/3) = y is regulated. The output 
dynamics are 

~hld (~, y, 0,/3) = x = u~ cos(0 +/3),  

d 
-~h~(~ ,u ,O , /3 )  = 0 = u~. 

Following the algorithm presented in Section 2, 
the inputs ul and u2 are chosen as 

u, 0 1 0 ' 

leading to the control laws 
- - ;g  

121 - -  

it2 

cos(O+/3) '  (14) 

= -0 .  (15) 

Substituting these control laws into Eqs (12) and 
13 leads to the new system 

d - x  tan(0 +/3) 
d--t = -0  + 0 u3 

0 1 

= f ( 1 ) ( x , y , O , 3 )  -~-g(1)U 3. (16) 

The new output function is 

h'(x, y, /3, 0) = y = Z)h~g(x, y, /3, O) 
= -xtan(O +/3). (17) 

-2 

- I  

." (x(o),y(o))~ 
(o o) 

I 

x coordinate 

Fig: 3. Plot of the time evolution in Euclidean 
2-space of a closed-loop simulation of the 
kinematic model of the mobile robot shown 
in Fig. 1, with static-state output stabiliz- 
ing control law given by Eqs (14), (15) and 
(18). 

The second iteration of the algorithm begins by 
computing the Lie-derivative, Lg(l)h',  of the new 
output h'(x,  y,/3, 0) in direction gO) (x, y,/3, 0). It 
is easily verified that 

Lg(1)h' = Dh 'g(1) (x ,y , /3 ,0 ) ,  

= -x(1 + tan2(9 + ~)), 

which is non-zero except when x = 0. Conse- 
quently, the time derivative of h' is 

d i -g.ih (x, y,/3, O) = D h ' ( f ( U  + g(Du3) 
= x tan(0 +/3) + xO(1 + tan2(0 + 3)) 

- x(1 + tan2(0 +/3))u3. 
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Recall the general form (Eq. (9)) given for the 
desired linear stable output dynamics, 

d , 
/) = ~ h  (x, y,/3, 0) = - 4 y  - 4y. 

Equating these dynamics with those for h' while 
treating u3 as an indeterminate allows one to 
solve for u3 explicitly; 

4y + xO(1 + tan2(0 + fl) - 3x tan(0 +~3) 
uz = x(1 + tan~(0 +/3)) ' 

(18) 
which is well defined except for states where 
cos(0+fl)  = 0 o r x = 0 .  

To demonstrate the performance of the closed- 
loop system, a simulation has been included (cf. 
Fig's 2-4). The initial condition for this example 
w a s  

(x(0),  y(0), 0(0), = 
(1.8620, 0.7931, 1.37930rr, 1.1034r), 

and the closed-loop system given by Eq. (11) 
along with Eqs (14), (15) and (18), was inte- 
grated over a period of ten seconds. Observe, 
in Fig. 2, that the convergence of x and 0/rr is 
monotonic, while y is first subject to transient di- 
vergence from zero. However, it can be seen, on 
closer inspection of Fig. 2, that asymptotically y 
converges more quickly to zero than either x or 
0. This can also be seen in Fig. 3, where the tra- 
jectory (x(t), y(t)) approaches the origin asymp- 
totically along the x axis. 

- 5  

:= -10 

- 15  

- 2 0  

-25  

""'. _ /  U3 
; , , " -  . . . .  _ . . . . . . . . . . . . . . . . .  

~ u  2 

'.: u I 
I: 

i i L i i i i 

5 10 

Time in seconds 

Fig: 4. Plot of the control inputs ul, u2 and u3 
generated by the static-state output stab- 
ilizing control law Eqs  (14), (15) and (18). 

The state 13/~r is not controlled to zero and has 
a final limiting value of/3(10) ~ 2r. Looking at 
Fig. 4, there is a spike in the u3 control action 
at around time t = 0.7. This corresponds to the 
time when the y trajectory has reached its most 
negative value. The spike in us is connected with 
the change in relative rotation of the robot frame 
around the trajectory during the sharp turn (cf. 
the plot of fl/~r in Fig. 2). 
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