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Abstract� Recent work has shown that the algebraic question of determining the eigenvalues�
or singular values� of a matrix can be answered by solving certain continuous�time gradient �ows on
matrix manifolds� To obtain computational methods based on this theory� it is reasonable to de�
velop algorithms which iteratively approximate the continuous�time �ows� In this paper we propose
two algorithms� based on a double Lie�bracket equation recently studied by Brockett� which appear
suitable for implementation in parallel processing environments� The algorithms presented achieve�
respectively� the eigenvalue decomposition of a symmetric matrix� and the singular value decompo�
sition of an arbitrary matrix� The algorithms have the same equilibria as the continuous�time �ows
on which they are based and inherit the exponential convergence of the continuous�time solutions�
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�� Introduction� A traditional algebraic approach to determining the eigen�
value and eigenvector structure of an arbitrary matrix is the QR�algorithm� In the
early eighties it was observed that the QR�algorithm is closely related to a continuous�
time di�erential equation� which had become known through study of the Toda lat�
tice� Symes ����� and Deift� Nanda and Tomei �	� showed that for tridiagonal real
symmetric matrices� the QR�algorithm is a discrete�time sampling of the solution to
a continuous�time di�erential equation� This result was generalised to full complex
matrices by Chu ���� and Watkins and Elsner ��
� provided further insight in the late
eighties�

Brockett ��� studied dynamic matrix �ows generated by the double Lie�bracket
equation�


H � �H� �H�N ��� H��� � H��

for constant symmetric matrices N and H�� and where we use the Lie�bracket nota�
tion �X�Y � � XY � Y X� We will call this di�erential equation the double�bracket
equation� and solutions of this equation double�bracket �ows� Similar matrix dif�
ferential equations have been known and studied previous to those references given
above in the area of Physics� An example� is the Landau�Lifschitz�Gilbert equation
of micromagnetics

d �m

dt
�

�

� � ��
� �m �H � � �m� � �m �H�� j �mj� � ��

as � � � and ��� � k� a constant� In this equation �m�H � R� and the cross�
product is equivalent to a Lie�bracket operation� The relevance of such equations

� The authors wish to acknowledge the funding of the activities of the Cooperative Research
Centre for Robust and Adaptive Systems by the Australian Commonwealth Government under the
Cooperative Research Centres Program� The authors also wish to acknowledge additional support
from BCAC Inc�

y Department of Systems Engineering� Research School of Physical Sciences and Systems Engi�
neering� Australian National University� A�C�T�� 	
		� Australia�

z Department of Mathematics� University of Regensburg� ��		 Regensburg� F�R�G�

�



to traditional Linear Algebra problems� however� has only recently been studied and
discretisations of such �ows have not been investigated�

The double�bracket equation is not known to be a continuous�time version of any
previously existing linear algebra algorithm� however� it exhibits exponential conver�
gence to an equilibrium point on the manifold of self�equivalent symmetric matrices
��� �� ��� Brockett ��� was able to show that this �ow can be used to diagonalise
real symmetric matrices� and thus� to �nd their eigenvalues� sort lists� and even to
solve linear programming problems� Part of the �exibility and theoretical appeal of
the double�bracket equation follows from its dependence on the arbitrary matrix pa�
rameter N � which can be varied to control the transient behaviour of the di�erential
equation�

In independent work by Driessel ���� Chu and Driessel ���� Smith ���� and Helmke
and Moore ���� a similar gradient �ow approach is developed for the task of computing
the singular values of a general non�symmetric� non�square matrix� The di�erential
equation obtained in these approaches is almost identical to the double�bracket equa�
tion� In ���� it is shown that these �ows can also be derived as special cases of the
double�bracket equation for a non�symmetric matrix� suitably augmented to be sym�
metric�

With the theoretical aspects of these di�erential equations becoming known� and
with applications in the area of balanced realizations ���� ��� along with the more
traditional matrix eigenvalue problems� there remains the question of e�ciently com�
puting their solutions� No explicit solutions to the di�erential equations have been
obtained and a direct numerical estimate of their integral solutions seems unlikely to
be an e�cient computational algorithm� Iterative algorithms that approximate the
continuous�time �ows� however� seem more likely to yield useful numerical methods�
Furthermore� discretisations of such isospectral matrix �ows are of general theoretical
interest in the �eld of numerical linear algebra� For example� the algorithms proposed
in this paper involve adjustable parameters� such as step�size selection schemes and
a matrix parameter N � which are not present in traditional algorithms such as the
QR�algorithm or the Jacobi method�

In this paper� we propose a new algorithm� which we will call the Lie�bracket
algorithm� for computing the eigenvalues of an arbitrary symmetric matrix�

Hk�� � e��k�Hk�N �Hke
�k�Hk�N ��

For suitably small �k� termed time�steps� the algorithm is an approximation of the
solution to the continuous time double�bracket equation� Thus� the algorithm rep�
resents an approach to developing new recursive algorithms based on approximating
suitable continuous�time �ows� We show that for suitable choices of time�steps the
Lie�bracket algorithm inherits the same equilibria as the double�bracket �ow� Further�
more� exponential convergence of the algorithm is shown� This paper presents only
theoretical results on the Lie�bracket algorithm and does not attempt to compare its
performance to that of existing methods for calculating the eigenvalues of a matrix�

Continuous�time gradient �ows which compute the singular values of arbitrary
non�symmetric matrices� such as those covered in ��� �� �� ���� have a similar form to
the double�bracket equation on which the Lie�bracket algorithm was based� We use
this similarity to generate a new scheme for computing the singular values of a general
matrix� termed the singular value algorithm� The natural equivalence between the Lie�
bracket algorithm and the singular value algorithm is demonstrated� and exponential
convergence results follow almost directly�






Associated with the main algorithms presented for the computation of the eigen�
values or singular values of matrices are algorithms which compute the full eigenspace
decompositions of given matrices� These algorithms are closely related to the Lie�
bracket algorithm and also display exponential convergence�

The paper is divided into seven sections� including the introduction� and an Ap�
pendix� In Section � of this paper� we consider the Lie�bracket algorithm and prove a
proposition that ensures the algorithm converges to a �xed point� Section � deals with
choosing step�size selection schemes� and proposes two valid deterministic functions
for de�ning the time�steps� Considering the particular step�size selection schemes pre�
sented in Section � we return to the question of stability in Section 
 and show that
the Lie�bracket algorithm has a unique exponentially attractive �xed point� though
several of the technical proofs are deferred to the Appendix� This completes the dis�
cussion for the symmetric case and Section � considers the non�symmetric case and the
singular value decomposition� Section 	 presents associated algorithms that compute
the eigenspace decompositions of given initial conditions� A number of computational
issues are brie�y mentioned in Section ��

�� The Lie�Bracket Algorithm� In this section� we begin by introducing the
least squares potential that underpins the recent gradient �ow results and then de�
scribe the double Lie�bracket equation �rst derived by Brockett ���� The Lie�bracket
recursion is introduced� and conditions are given which guarantee convergence of the
algorithm�

Let N and H be real symmetric matrices� and consider the potential function

��H� �� jjH �N jj����

� jjHjj�� jjN jj�� �tr�NH��

where the norm used is the Frobenius norm jjXjj� �� tr�XTX� �
P

x�ij� with xij the
elements of X� Note that ��H� measures the least squares di�erence between the
elements of H and the elements of N � Let M �H�� be the set of orthogonally similar
matrices� generated by some symmetric initial condition H� � HT

� � R
n�n� Then

M �H�� � fU
TH�U j U � O�n�g����

where O�n� denotes the group of all n�n real orthogonal matrices� It is shown in ���
pg� 
�� that M �H�� is a smooth compact Riemannian manifold with explicit forms
given for its tangent space and Riemannian metric� Furthermore� in ��� �� the gradient
of ��H�� with the respect to the normal Riemannian metric on M �H�� ��� pg� ���� is
shown to be r��H� � ��H� �H�N ��� Consider the gradient �ow given by the solution
of


H � �r��H����

� �H� �H�N ��� with H��� � H��

which we call the double�bracket �ow ��� ��� Thus� the double�bracket �ow is a gradient
�ow which acts to decrease� or minimise� the least squares potential �� on the manifold
M �H��� Note that from ���� this is equivalent to increasing� or maximising� tr�NH��
We will refer to the matrixH� as the initial condition� and the matrix N as the target
matrix�

The Lie�bracket algorithm proposed in this paper is�

Hk�� � e��k�Hk�N �Hke
�k�Hk�N ���
�

�



for arbitrary symmetric n � n matrices H� and N � and some suitably small scalars
�k� termed time�steps� To motivate the Lie�bracket algorithm consider the curve
Hk���t� � e�t�Hk�N �Hke

t�Hk�N �� Thus� Hk����� � Hk and Hk�� � Hk����k�� the
k � ��th iteration of �
�� Observe that

d

dt
�e�t�Hk�N �Hke

t�Hk�N ��

����
t��

� �Hk� �Hk� N ���

and thus� e�t�Hk�N �Hke
t�Hk�N � is a �rst approximation of the double�bracket �ow at

Hk �M �H��� It follows that for small �k� the solution to ��� evaluated at time t � �k
with H��� � Hk� is approximately Hk�� � Hk����k��

It is easily seen from above that stationary points of ��� will be �xed points of
�
�� In general� �
� may have more �xed points than just the stationary points of ����
however� Proposition ��� shows that this is not the case for suitable choice of time�step
�k� We use the term equilibrium point to mean a �xed point of the algorithm which
is also a stationary point of ����

To implement �
� it is necessary to specify the time�steps �k� We do this by
considering functions �N �M �H��� R�� and setting �k �� �N �Hk�� We refer to the
function �N as the step�size selection scheme� We require that the step�size selection
scheme satis�es the following condition�

Condition ���� Let �N � M �H�� � R� be a step�size selection scheme for the
Lie�bracket algorithm on M �H��� Then �N is well de�ned and continuous on all of
M �H��� except possibly those points H � M �H�� where HN � NH� Furthermore�
there exist real numbers B� � � �� such that B � �N �H� � � for all H � M �H��
where �N is well de�ned�

Remark ���� We �nd that the variable step�size selection scheme proposed in this
paper� which provides the best simulation results� is discontinuous at all the points
H �M �H��� such that �H�N � � ��

Remark ���� Note that the de�nition of a step�size selection scheme depends
implicitly on the matrix parameter N � Indeed� �N can be thought of as a function in
two matrix variables N and H�

Condition ���� Let N be a diagonal n� n matrix with distinct diagonal entries
�� � �� � � � � � �n�

Remark ���� This condition on N � along with Condition ��� on the step�size
selection scheme� is chosen to ensure that the Lie�bracket algorithm converges to a
diagonal matrix� from which the eigenvalues of H� can be directly determined�

Let 	� � 	� � � � � � 	r be the eigenvalues of H� with associated algebraic
multiplicities n�� � � � � nr satisfying

Pr

i�� ni � n� Note that as H� is symmetric� the
eigenvalues of H� are all real� Thus� the diagonalisation of H� is

� ��

�
��

	�In� � � � �
���

� � �
���

� � � � 	rInr

�
�� ����

where Ini is the ni � ni identity matrix� For generic initial conditions and a target
matrix N that satis�es Condition ���� the continuous�time equation ��� converges
exponentially fast to � ��� ��� Thus� the eigenvalues of H� are the diagonal entries
of the limiting value of the in�nite time solution to ���� The Lie�bracket algorithm
behaves similarly to ��� for small �k and� given a suitable step�size selection scheme�
should converge to the same equilibrium as the continuous time equation�

�



Proposition ���� Let H� and N be n � n real symmetric matrices where
N satis�es Condition ���� Let ��H� be given by ��	 and let �N � M �H�� � R�

be a step�size selection scheme that satis�es Condition ���� For Hk � M �H��� let
�k � �N �Hk� and de�ne

� ��Hk� �k� �� ��Hk��� � ��Hk���	�

where Hk�� is given by �
	� Suppose

� ��Hk� �k� 
 �� when �Hk� N � 	� �����

Then�
a	 The iterative equation �
	 de�nes an isospectral �eigenvalue preserving	 re�

cursion on the manifold M �H���
b	 The �xed points of �
	 are characterised by matrices H �M �H�� satisfying

�H�N � � �����

c	 Every solution Hk� for k � �� �� � � �� of �
	� converges as k � �� to some
H� �M �H�� where �H�� N � � ��

Proof� To prove part a�� note that the Lie�bracket �H�N �T � ��H�N � is skew�
symmetric� As the exponential of a skew�symmetric matrix is orthogonal� �
� is an
orthogonal conjugation of Hk and hence is isospectral�

For part b� note that if �Hk� N � � �� then by direct substitution into �
� we see
Hk�� � Hk and thus� Hk�l � Hk for l � �� and Hk is a �xed point of �
�� Conversely
if �Hk� N � 	� �� then from ���� ���Hk� �k� 	� �� and thus Hk�� 	� Hk� By inspection�
points satisfying ��� are stationary points of ���� and indeed are known to be the only
stationary points of ��� ��� pg� ���� Thus� the �xed points of �
� are equilibrium
points� in the sense that they are all stationary points of ���� In order to prove part
c� we need the following lemma�

Lemma ���� Let N satisfy Condition ��� and �N satisfy Condition ��� such that
the Lie�bracket algorithm satis�es ��	� The Lie�bracket algorithm� �
	� has exactly
n��

Qr

i���ni�� distinct equilibrium points in M �H��� These equilibrium points are
characterised by the matrices �T��� where � is an n � n permutation matrix� a
rearrangement of the rows of the identity matrix� and � is given by �
	�

Proof� Note that part b� of Proposition ��� characterises equilibrium points of �
�
as H � M �H�� such that �H�N � � �� Evaluating this condition component wise� for
H � fhijg� gives

hij��j � �i� � ��

and hence by Condition ���� hij � � for i 	� j� Using the fact that �
� is isospectral� it
follows that equilibrium points are diagonal matrices which have the same eigenvalues
as H�� Such matrices are distinct� and can be written in the form �T��� for � an
n�n permutation matrix� A simple counting argument yields the number of matrices
which satisfy this condition to be n��

Qr

i���ni���
Consider for a �xed initial condition H�� the sequence Hk� generated by the Lie�

bracket algorithm� Observe that condition ��� implies that ��Hk� is strictly monotonic
decreasing for all k where �Hk� N � 	� �� Also� since � is a continuous function on the
compact set M �H��� then � is bounded from below� and ��Hk� will converge to some
non�negative value ��� As ��Hk�� �� then ���Hk� �k�� ��

�



For an arbitrary positive number �� de�ne the open set D� 
 M �H��� consisting
of all points of M �H��� within an � neighbourhood of some equilibrium point of �
��
The set M �H�� � D� is a closed� compact subset of M �H�� on which the matrix
function H �� �H�N � does not vanish� As a consequence� the di�erence function �	�
is continuous and strictly negative on M �H�� � D�� and thus� can be over bounded
by some strictly negative number 
� 
 �� Moreover� as ���Hk� �k� � � then there
exists a K � K�
�� such that for all k � K then � � ���Hk� �k� � 
�� This ensures
that Hk � D� for all k � K� In other words� Hk is converging to some subset of
possible equilibrium points�

Imposing the upper bound B on the step�size selection scheme �N � Condition
���� it follows that �N �Hk��Hk� N � � � as k � �� Thus� e�N 	Hk
�Hk�N � � I� the
identity matrix� and hence� e��N 	Hk
�Hk�N �Hke

�N 	Hk
�Hk�N � � Hk as k � �� As a
consequence jjHk���Hkjj � � for k�� and this combined with the distinct nature
of the �xed points� Lemma ���� and the partial convergence already shown� completes
the proof�

Remark ��
� In Condition ��� it was required that N have distinct diagonal
entries� If this condition is not satis�ed the equilibrium condition �H�N � � � may
no longer force H to be diagonal� and thus� though the algorithm will converge it is
unlikely to converge to a diagonal matrix�

�� Step�Size Selection� The Lie�bracket algorithm �
� requires a suitable step�
size selection scheme before it can be implemented� To generate such a scheme� we
use the potential ��� as a measure of the convergence of �
� at each iteration� Thus�
we aim to choose each time�step to maximise the absolute change in potential j � �j
of �	�� such that �� 
 �� Optimal time�steps can be determined at each step of the
iteration by completing a line search to maximise the absolute change in potential as
the time�step is increased� Such an approach� however� involves high computational
overheads and we aim rather to obtain a step�size selection scheme in the form of a
scalar equation depending on known values�

Using the Taylor�s expansion� we express ���Hk� � � for a general time�step � � as
a linear term plus a higher order error term� By estimating the error term we obtain a
mathematically simple function ��U �Hk� � � which is an upper bound to ���Hk� � �
for all � � Then� choosing a suitable time�step� �k� based on minimising ��U � we
guarantee that the actual change in potential� ���Hk� �k� � ��U�Hk� �k� 
 ��
satis�es ���� Due to the simple nature of the function ��U � there is an explicit form
for the time�step �k depending only onHk and N � We begin by deriving an expression
for the error term�

Lemma ���� For the kth step of the recursion �
	 the change in potential���Hk� � �
of ��	� for a time�step � is

���Hk� � � � ��� jj�Hk� N �jj
�� ���tr�NR��� ������

with

R��� � ��

Z �

�
��� s�H��

k���s� �ds�����

where H��
k���� � is the second derivative of Hk���� � with respect to � �

Proof� Let Hk���� � be the k � �
th recursive estimate for an arbitrary time�step

� � Thus Hk���� � � e�� �Hk �N �Hke
� �Hk�N �� It is easy to verify that the �rst and second

�



time derivatives of Hk�� are exactly

H�
k���� � � �Hk���� �� �Hk� N ��

H��
k���� � � ��Hk���� �� �Hk� N ��� �Hk� N ���

Applying Taylor�s theorem� then

Hk���� � � Hk����� � �
d

d�
Hk����� � ��

Z �

�
��� s�H ��

k���s� �ds�����

� Hk � � �Hk� �Hk� N �� � ��R��� ��

Consider the change in the potential ��H� between the points Hk and Hk���� ��

���Hk� � � � ��Hk���� ��� ��Hk�����

� ��tr�N �Hk���� ��Hk��

� ��tr�N �� �Hk� �Hk� N �� � ��R��� ���

� ��� jj�Hk� N �jj
�� ���tr�NR��� ��

Note that for � � � then ���Hk� �� � �� and also that d
d�
���Hk� � �

��
���

�

��jj�Hk� N �jj�� Thus� for su�ciently small � the error term ��tr�NR��� �� becomes
negligible� and ���Hk� � � is strictly negative� Let �opt � � be the �rst time for
which d

d�
���Hk� � �

��
���opt

� �� then ���Hk� �opt� 
 ���Hk� � � 
 � for all strictly

positive � 
 �opt� It is not possible� however� to estimate �opt directly from ���� due
to the transcendental nature of the error term R��� �� By considering two separate
estimates of the error term we obtain two step�size selection schemes� �k � �opt�
The �rst� and constant� step�size selection scheme follows from a loose bound of the
error� whereas the second� variable step�size selection scheme� follows from a more
sophisticated argument� and results in faster convergence of �
��

Lemma ���� Constant Step�Size Selection Scheme�
The constant time�step

�cN �
�


jjH�jj � jjN jj
����

satis�es Condition ���� Furthermore� the Lie�bracket algorithm� equipped with the
step�size selection scheme �cN � satis�es ��	�

Proof� Recall that for the Frobenius norm jtr�XY �j � jjXjj � jjY jj� Then

���Hk� � � � ��� jj�Hk� N �jj
�� ���jtr�NR��� ��j

� ��� jj�Hk� N �jj
�� ���jjN jj � jjR��� �jj

� ��� jj�Hk� N �jj
�� ���jjN jj �Z �

�
��� s�jj��Hk���s� �� �Hk� N ��� �Hk� N ��jjds

� ��� jj�Hk� N �jj
�� 
��jjN jj � jjH�jj � jj�Hk� N �jj

�

�� ��U�Hk� � ����
�

Thus ��U�Hk� � � is an upper bound for ���Hk� � � and has the property that for
su�ciently small � � it is strictly negative� see Figure �� Due to the quadratic form of






α αk

∆ψ (Η,α) > ∆ψ(Η,α)

∆ψ (Η,α) 

∆ψ (Η,α) < 0U

U

U

Fig� �� The upper bound on ���Hk� �� viz ��U �Hk� ��

��U �Hk� � � in � � it is immediately clear that �
c
k � �cN �Hk� � ���
jjH�jjjjN jj� of ����

is the minimum of ��
��
A direct norm bound of the integral error term is not likely to be a tight estimate

of the error� and the function ��U is a fairly crude bound for ��� The following
more sophisticated estimate results in a step�size selection scheme which causes the
Lie�bracket algorithm to converge an order of magnitude faster�

Lemma ���� An Improved Bound for ���Hk� � ��
The di�erence function ���Hk� � � can be over bounded by

���Hk� � � � ��� jj�Hk� N �jj
��

jjH�jj � jj�N� �Hk� N ��jj

jj�Hk� N �jj

�
e��jj�Hk�N �jj � �� �� jj�Hk� N �jj

	
�

�� ���U �Hk� � ������

Proof� Consider the Taylor series expansion of the matrix exponential

eA � I �A �
�

�
A� �

�

��
A� � � � � �

It is easily veri�ed that

eABe�A � B � �A�B� �
�

��
�A� �A�B�� �

�

��
�A� �A� �A�B���� � � ���	�

�
�X
i��

�

i�
adiAB�

Here adiAB � adA �ad
i��
A B�� ad�AB � B where adA � R

n�n� R
n�n is the linear map

X �� AX �XA� Substituting �� �Hk� N � and Hk for A and B in ��	� and comparing
with ����� gives

��R��� � �
�X
j��

�

j�
adj�� �Hk�N ��Hk��

Considering jtr�NR��� ��j and using the readily established identity tr�Nadj�AB� �

�



tr��adjAN �B� gives

j��tr�NR��� ��j �

������
�X
j��

�

j�
tr
�
adj

� �Hk�N ��N �Hk

	������
�

�X
j��

�

j�
jjadj

� �Hk�N ��N �jj � jjH�jj

�

�X
j��

�

j�
��jj� �Hk� N �jj�

j��jjad� �Hk�N ��N �jj � jjH�jj

�
jjH�jj � jjad� �Hk�N ��N �jj

�� jj�Hk� N �jj

�X
j��

�

j�
��� jj�Hk� N �jj�

j

�
jjH�jj � jj�N� �Hk� N ��jj

�jj�Hk� N �jj

�
e��jj�Hk�N �jj � �� �� jj�Hk� N �jj

	
�

Thus combining this with the �rst line of ��
� gives �����
The variable step�size selection scheme is derived from this estimate of the error

term in the same manner the constant step�size selection scheme was derived in Lemma
����

Lemma ���� Variable Step�Size Selection Scheme�
The step�size selection scheme ��N �M �H��� R�

��N �H� �
�

�jj�H�N �jj
log�

jj�H�N �jj�

jjH�jj jj�N� �H�N ��jj
� �������

where all norms are Frobenius norms� satis�es Condition ���� Furthermore� the Lie�
bracket algorithm� equipped with the step�size selection scheme ��N � satis�es ��	�

Proof� We �rst show that ��N satis�es the requirements of Condition ���� As the
Frobenius norm is a continuous function then ��N is well de�ned and continuous at all
points H �M �H�� such that �H�N � 	� �� Note that when �H�N � � � then ��N is not
well de�ned� To show that there exists a positive constant �� such that ��N �H� � ��
consider the following lower bound�

�LN ��
�

�jj�Hk� N �jj
log�

jj�Hk� N �jj

�jj�H�jj jjN jj
� �������

�
�

�jj�Hk� N �jj
log�

jj�Hk� N �jj�

�jj�H�jj jjN jj jj�Hk� N �jj
� ���

�
�

�jj�Hk� N �jj
log�

jj�Hk� N �jj�

jj�H�jj jj�N� �Hk� N ��jj
� ���

which is just ��N � Using L�H�opital�s rule it can be seen that the limit of �
L
N at an

equilibrium point� H � M �H�� such that �H�N � � �� is ���
jjH�jj � jjN jj�� Including
these points in the de�nition of �LN � gives that �

L
N is a continuous� strictly positive�

well de�ned function for all H � M �H��� Thus� as M �H�� is compact� there exists a
real number � � � such that

��N � �LN � � � ��

on M �H��� fH� j �H�� N � � �g�

�



To show that there exists a real number B � �� such that ��N �H� 
 B� H �
M �H��� set �H�N � � X � fxijg� For N given by Condition ���� then jj�N�X�jj �P

i��j��i � �j��x�ij� where xii � � as �H�N � is skew symmetric� Observe that

jjXjj�jj�N�X�jj �

P
i��j x

�
ijP

i��j��i � �j��x�ij

� maxi��j��i � �j�
�� �� b

for all choices of X � �XT � It follows that

��N �H� �
�

�jjXjj
log�

jjXjj�

jjH�jj jj�N�X�jj
� ��

�
�

�jjXjj
log�

jjXjjb

jjH�jj
� ��

�
b

�jjH�jj
�� B

since log�x� �� � x for x � ��
Finally� for a matrix Hk �M �H��� �Hk� N � 	� �� the time�step ��N �Hk� � ��k � �

minimises ����� and from Lemma ��� it follows that � � ���U�Hk� � � � ���Hk� � ��
Thus� the Lie�bracket algorithm� equipped with the step�size selection scheme ��N �
satis�es ��� and the proof is complete�

�� Stability Analysis� In this section we study the stability of equilibria of
the Lie�bracket algorithm �
�� It is shown that for generic initial conditions� and
any step�size selection scheme that satis�es Condition ��� and ���� the solution� Hk�
of the Lie�bracket algorithm converges to the unique equilibrium point �� given by
���� Furthermore� we derive local exponential bounds on the rate of convergence� To
improve the readability of the paper the proofs of a number of the more technical
results have been deferred to an appendix� We begin by showing that � is the unique
locally asymptotically stable equilibrium point of �
��

Lemma ���� Let N satisfy Condition ����	� and �N be some selection scheme
that satis�es Condition ��� and ��	� The Lie�bracket algorithm �
	� has a unique
locally asymptotically stable equilibrium point �� given by �
	� All other equilibrium
points of �
	 are unstable�

Proof� It is known that � is the unique local and global minimumof the potential
function � on M �H�� ���� By assumptions on N and �N � ��Hk� is monotonically
decreasing� Thus the domain of attraction of � contains an open neighbourhood of
�� and hence� � is a locally asymptotically stable equilibrium point of �
��

All other equilibrium points H� are either saddle points or maxima of � ����
Thus for any neighbourhood� D� of some equilibrium point H� 	� �� there exists
some H� � D such that ��H�� 
 ��H��� It follows that the solution to the Lie�
bracket algorithm� with initial condition H�� will not converge to H� and thus H�

is unstable�
Lemma 
�� is su�cient to conclude that for generic initial conditions the Lie�

bracket algorithm will converge to the unique matrix �� It is di�cult to characterise
the set of initial conditions for which the algorithm converges to some unstable equi�
librium point H� 	� �� For the continuous�time double�bracket �ow� however� it is
known that the unstable basins of attraction of such points are of zero measure in
M �H�� ����

�	



Lemma ���� Let N satisfy Condition ���� Let d � R� be a constant such that
� 
 d 
 ���jjH�jj�jjN jj� and consider the constant step�size selection scheme� �dN �
M �H��� R��

�dN �H� � d�

The Lie�bracket algorithm �
	� equipped with the step�size selection scheme �dN � has
a unique locally exponentially asymptotically stable equilibrium point �� given by �
	�

Proof� Since �dN is a constant function� the time�step �dk � �dN �Hk� � d is
constant� Thus� the map

Hk �� e�d�Hk�N �Hke
d�Hk�N �

is a di�erentiable map on all M �H��� and we may consider the linearisation of this
map at the equilibrium point �� given by ���� The linearisation of this recursion�
expressed in terms of �k � T�M �H�� �the tangent space of the equilibrium point ���
is

�k�� � �k � d���kN � N�k��� ���kN � N�k�������

Thus for the elements of �k we have

��ij�k�� � ��� d�	i � 	j���i � �j����ij�k� for i� j � �� � � � � n�����

The tangent space T�M �H�� at � consists of those matrices � � ����� where � �
Skew�n�� the class of skew symmetric matrices ��� pg� ���� Thus� the matrices � are
parameterised by their components �ij � where i 
 j� and 	i 	� 	j� This is a linearly
independent parameterisation of T�M �H�� and the eigenvalues of the linearisation
���� can be read directly from ���� as � � d�	�	i
 � 	�	j
���i � �j�� for i 
 j and
	i 	� 	j � Since 	i � 	j when i � j then if d 
 ���jjH�jj�jjN jj� it follows that

j�� d�	i � 	j���i � �j�j 
 ��

for all i 
 j with 	i 	� 	j � Classical stability theory gives that � is a locally exponen�
tially asymptotically stable equilibrium point of the recursion �
�� with an exponential
rate of convergence of maxi�j��i ���jfd�	i � 	j���i � �j�g�

Remark 
��� As jjN jj�jjH�jj� 
 �jjN jjjjH�jj� the constant step�size selection
scheme �cN is an example of such a selection scheme where c � ���
jjH�jj � jjN jj��

Remark 
��� Let �N �M �H��� R� be a step�size selection scheme that satis�es
Condition ��� and ���� and is also continuous on all M �H��� Let � be the locally
asymptotically stable equilibrium point given by ���� Set �� � �N ��� and observe
that the linearisation of the Lie�bracket algorithm will be of the form ���� with d
replaced by ��� Recall that the �LN � scheme de�ned in ����� is continuous� with
limit �LN �H�� � ���
jjH�jj � jjN jj�� Thus� � is an exponentially asymptotically stable
equilibrium point for the Lie�bracket recursion equipped with the step�size selection
scheme �LN �

To show that the Lie�bracket algorithm is exponentially stable at � for the ��N
step�size selection scheme is technically di�cult due to the discontinuous nature of ��N
at equilibrium points� The proof of the following proposition is given in the appendix�

Proposition ���� Let N satisfy Assumption ����	 and ��N be the step�size se�
lection scheme given by Lemma ��
� The iterative algorithm �
	� has a unique expo�
nentially attractive equilibrium point � given by �
	�

��
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Fig� �� A plot of the diagonal elements� hii� of each iteration� Hk� of the Lie�bracket algorithm run

on a 
� 
 initial condition H� with eigenvalues ��� � � � � 
�� The target matrix N was chosen to be

diag��� � � � �
��

To give an indication of the behaviour of the Lie�bracket algorithm two plots
of a simulation have been included� Figures � and �� The simulation was run on a
random � � � symmetric initial value matrix with eigenvalues �� � � � � �� The target
matrix N is chosen as diag��� � � � � �� and as a consequence the minimum potential is
�� � �� Figure � is a plot of the diagonal entries of the recursive estimate Hk� The
o��diagonal entries converge to zero as the diagonal entries converge to the eigenvalues
of Hk� Figure � is a plot of the potential jjHk � N jj� verses the iteration k� This
plot clearly shows the monotonic decreasing nature of the potential at each step of
the algorithm�

We summarise the results of Sections �� � and 
 in a theorem�
Theorem ���� Let H� � HT

� be a real symmetric n� n matrix with eigenvalues
	� � � � � � 	n� Let N � Rn�n satisfy Condition ���� and let �N be either the
constant step�size selection ���	 or the variable step�size selection ���	� The Lie�
bracket recursion

Hk�� � e��k�Hk�N �Hke
�k�Hk �N ��

�k � �N �Hk��

with initial condition H�� has the following properties�
i	 The recursion is isospectral�
ii	 If Hk is a solution of the Lie�bracket algorithm� then ��Hk� � jjHk�N jj� is

strictly monotonically decreasing for every k � N where �Hk� N � 	� ��
iii	 Fixed points of the recursive equation are characterised by matrices H �

M �H�� such that

�H�N � � ��

iv	 Fixed points of the recursion are exactly the stationary points of the double�
bracket equation� These points are termed equilibrium points�

v	 Let Hk� k � �� �� � � �� be a solution to the Lie�bracket algorithm� then Hk

converges to a matrix H� � M �H��� �H�� N � � �� an equilibrium point of
the recursion�

�
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Fig� �� The potential ��Hk� � jjHk � N jj� for the Lie�bracket recursion�

vi	 All equilibrium points of the Lie�bracket algorithm are strictly unstable� except
� � diag�	�� � � � � 	n� which is locally exponentially asymptotically stable�

�� Singular Value Computations� In this section we consider discretisations
of continuous�time �ows to compute the singular values of an arbitrary matrix�

A singular value decomposition of a matrix H� � R
m�n� m � n� is a matrix

decomposition

H� � V T U�����

where V � O�m�� U � O�n� and

 �



BBB�

��In� � � � �
���

� � �
���

� � � � �rInr
�	m�n
�n

�
CCCA �����

Here �� � �� � � � � � �r � � are the distinct singular values of H�� occurring with
multiplicities n�� � � � � nr� such that

Pr

i�� ni � n� By convention the singular values
of a matrix are chosen to be non�negative� It should be noted that though such a
decomposition always exists and  is unique� there is no unique choice of orthogonal
matrices V and U � The approach we take is to de�ne an algorithm which converges
to  � and thus computes the singular values of H�� without directly generating the
orthogonal decomposition�

Let S�H�� be the set of all orthogonally equivalent matrices to H��

S�H�� � fV
TH�U � Rm�n j V � O�m�� U � O�n�g�����

It is shown in ��� pg� ��� that S�H�� is a smooth compact Riemannian manifold
with explicit forms given for its tangent space and Riemannian metric� Following
�
� �� �� �� ��� we consider the task of calculating the singular values of a matrix H��
by minimising the least squares cost function � � S�H�� � R�� ��H� � jjH � N jj��
It is shown in ��� �� that � achieves a unique local and global minimum at the point

��



 � S�H��� Moreover� in ��� �� ��� the explicit form for the gradient r� is calculated�
The gradient �ow is


H � �r��H���
�

� HfH�Ng� fHT � NTgH�

with H��� � H� the initial condition� Here we have used a generalisation of the
Lie�bracket fX�Y g �� XTY � Y TX � �fX�Y gT �

To accomplish the task of computing the singular values of a matrix we require
N to satisfy the following�

Condition ���� Let N be an m � n matrix

N �

�
����
�� � � � �
���

� � �
���

� � � � �n
�	m�n
�n

�
���� �

where �� � �� � � � � � �n � � are strictly positive� distinct real numbers�
For generic initial conditions� and a target matrix N that satis�es Condition ����

it is known that ��
� converges exponentially fast to  � S�H�� ��� ���� A recursive
version of this �ow follows from an analogous argument to that used in the derivation
of the Lie�bracket algorithm� For H� and N constant m � n matrices� the singular
value algorithm proposed is

Hk�� � e��kfH
T
k �N

T gHke
�kfHk�Ng�����

The singular value algorithm and the Lie�bracket algorithm are closely linked as
is shown in the following lemma�

Lemma ���� Let H�� N be m � n matrices� For any H � Rm�n de�ne a map
H �� bH � R	m�n
�	m�n
� where

bH �



�m�m H
HT �n�n

�
���	�

For any sequence of real numbers �k� k � �� � � � �� the iterations�

Hk�� � e��kfH
T
k �N

T gHke
�kfHk�Ng�����

with initial condition H� and

bHk�� � e��k�bHk�bN � bHke
�k�bHk�bN ������

with initial condition bH� are equivalent�
Proof� Consider the iterative solution to ����� and evaluate the multiplication in

the block form of ��	�� This gives two equivalent iterative solutions� one the transpose
of the other� both of which are equivalent to the iterative solution to �����

Remark ���� Note that bH� and bN are symmetric �m � n� � �m � n� matrices�
and that as a result� the iteration ���� is just the Lie�bracket algorithm�

Remark ���� The equivalence given by this lemma is complete in every way� In
particular� H� is an equilibrium point of ���� if and only if bH� is an equilibrium

point of ����� Similarly�Hk � H� if and only if bHk � bH� as k���

��



This leads us directly to consider step�size selection schemes for the singular value
algorithm induced by selection schemes which we have already considered for the Lie�
bracket algorithm� Indeed if �bN � M �cH�� � R� is a step�size selection scheme for

�
�� on M � bH��� and Hk � S�H��� then we can de�ne a time�step �k for the singular
value algorithm by

�k � �bN � bHk������

Thus� if ���� equipped with a step�size selection scheme �bN � satis�es Condition ���
and ���� then from Lemma ���� ���� will satisfy similar conditions� For simplicity� we
will deal only with the step�size selection schemes induced by the constant step�size
selection ���� and the variable step�size selection ����� Thus we may state the main
convergence theorem for the singular value algorithm�

Theorem ���� Let H�� N be m � n matrices where m � n and N satis�es
Condition 
��� Let �bN �M �cH��� R� be either the constant step�size selection ���	�
or the variable step�size selection ���	� The singular value algorithm

Hk�� � e��kfH
T
k �N

T gHke
�kfHk�Ng�

�k � �bN � bHk��

with initial condition H�� has the following properties�
i	 The singular value algorithm is a self�equivalent �singular value preserving	

recursion on the manifold S�H���
ii	 If Hk is a solution of the singular value algorithm� then ��Hk� � jjHk�N jj�

is strictly monotonically decreasing for every k � N where fHk� Ng 	� � and
fHT

k � N
Tg 	� ��

iii	 Fixed points of the recursive equation are characterised by matrices H �
S�H�� such that

fHk� Ng � � and fH
T
k � N

Tg � ������

Fixed points of the recursion are exactly the stationary points of the singular
value gradient �ow ��
	 and are termed equilibrium points�

iv	 Let Hk� k � �� �� � � �� be a solution to the singular value algorithm� then Hk

converges to a matrix H� � S�H��� an equilibrium point of the recursion�
v	 All equilibrium points of the Lie�bracket algorithm are strictly unstable except
 � given by ���	� which is locally exponentially asymptotically stable�

Proof� To prove part i� note that the generalised Lie�bracket� fX�Y g � �fX�Y gT �
is skew symmetric� and thus ���� is an orthogonal conjugation and preserves the sin�

gular values of Hk� Also note that the potential ��Hk� �
�
���

bHk�� Moreover� Lemma

��� shows that the sequence bHk is a solution to the Lie�bracket algorithm and thus�
from Proposition ���� �

���
bHk� must be monotonically decreasing for all k � N such

that � bHk� bN � 	� �� which is equivalent to ����� This proves part ii�� and part iii� follows
by noting that if fHT

k � N
Tg � � and fHk� Ng � �� then Hk�l � Hk for l � �� �� � � ��

and Hk is a �xed point of ����� moreover� since ��Hk� is strictly monotonic decreas�
ing for all fHk� Ng 	� � and fHT

k � N
Tg 	� �� then these points can be the only �xed

points� It is known that these are the only stationary points of ��
� ��� �� ����
In order to prove iv� we need the following characterisation of equilibria of the

singular value algorithm�

��



Lemma ���� Let N satisfy Condition 
�� and �bN be either the constant step�size
selection ���	� or the variable step�size selection ���	� The singular value algorithm

��
	 equipped with time�steps �k � �bN � bHk�� has exactly �nn��
Qr

i���ni�� distinct
equilibrium points in S�H��� Furthermore� these equilibrium points are characterised
by the matrices 


�T �n�	m�n


�	m�n
�n �	m�n
�	m�n


�
 S��

where � is an n� n permutation matrix� and S � diag�
�� � � � �
�� a sign matrix�
Proof� Equilibrium points of ���� are characterised by the two conditions �����

For H � �hij�� fH�Ng� � is equivalent to

�jhji � �ihij � �� for i � �� � � �n� j � �� � � �n�

Similarly� the condition fHT � NTg � � is equivalent to

�jhij � �ihji � �� for i � �� � � �n� j � �� � � �n�

hij�j � � for i � n � �� � � �m� j � �� � � �n�

By manipulating the relationships� and using the distinct� positive nature of the �i�
it is easily shown that hij � � for i 	� j� Using the fact that ���� is self equivalent�
the only possible matrices of this form which have the same singular values as H� are
characterised as above� A simple counting argument shows that the number distinct
equilibrium points is �nn��

Qr

i���ni���
The proof of part iv� is now directly analogous to the proof of part c� Proposition

���� It remains only to prove part v�� which involves the stability analysis of the
equilibrium points characterised by ����� It is not possible to directly apply the

results obtained in Section 
 to the Lie�bracket recursion bHk� since the bN does not
satisfy Condition ���� However� for the constant step�size selection scheme induced by
����� and using analogous arguments to those used in Lemma 
�� and 
��� it follows
that  is the unique locally exponentially attractive equilibrium point of the singular
value algorithm� Thus� for the constant step�size selection scheme� b is the unique
exponentially attractive equilibrium point of the Lie�bracket algorithm on M �cH���

and now the argument from Proposition 
�� applies directly� and b is exponentially
attractive for the variable step�size selection scheme ����� This completes the proof�

Remark ���� The above theorem holds true for any time�steps �k � �bN � bHk�
induced by a step�size selection scheme� �bN � which satis�es Condition ���� such that
Theorem 
�
 holds�

Remark ��
� It is possible that for non�generic initial conditions� the singular
value algorithm may converge to a diagonal matrix� with the singular values ordered
in a di�erent manner to  � However� all simulations run have converged exponentially
fast to the unique matrix  � and thus it is likely that the attractive basins of the
unstable equilibrium points have zero measure� Note that for the continuous�time
�ows it is known that the attractive basins of the unstable equilibrium points have
zero measure in S�H�� ����

�� Associated Orthogonal Algorithms� In the previous sections we have pro�
posed the Lie�bracket and the singular value algorithms which calculate the eigenval�
ues and singular values respectively of given initial conditions� Associated with these

��



recursions are orthogonal recursions which compute the eigenvectors or singular vec�
tors of given initial conditions and provide a full spectral decomposition� To simplify
the subsequent analysis we impose a genericity condition on the initial condition H��

Condition ���� If H� � HT
� � Rn�n is a real symmetric matrix then assume

that H� has distinct eigenvalues 	� � � � � � 	n� If H� � R
m�n� where m � n� then

assume that H� has distinct singular values �� � � � � � �n � ��
For a sequence of positive real numbers �k� for k � �� �� � � �� the associated or�

thogonal Lie�bracket algorithm is

Uk�� � Uke
�k�U

T
k H�Uk�N �� U� � O�n������

where H� � HT
� � R

n�n is symmetric� For an arbitrary initial condition H� � R
m�n

the associated orthogonal singular value algorithm is

Vk�� � Vke
�kfU

T
k H

T
�
Vk�N

T g� V� � O�m�����

Uk�� � Uke
�kfV

T
k H�Uk�Ng� U� � O�n��

Note that in each case the exponents of the exponential terms are skew symmetric
and thus� the recursions will remain orthogonal�

Let H� � HT
� � R

n�n and consider the map g �M �H���M �H��� U �� UTH�U �
which is a smooth surjection� If Uk is a solution to ���� it follows that

g�Uk��� � e��k�g	Uk
�N �g�Uk�e
�k�g	Uk
�N �

which generates the Lie�bracket algorithm �
�� Thus� g maps the associated orthogo�
nal Lie�bracket algorithm with initial condition U�� to the Lie�bracket algorithm with
initial condition UT

� H�U�� on M �UT
� H�U�� �M �H���

Remark 	��� Consider the potential function � � O�n�� R�� ��U � � jjUTH�U �
N jj� on the set of orthogonal n�n matrices� Using the standard induced Riemannian
metric from Rn�n on O�n�� the associated orthogonal gradient �ow is ��� �� �� ��


U � �r��U � � U �UTH�U�N ��

Theorem ���� Let H� � HT
� be a real symmetric n � n matrix that satis�es

Condition ���� Let N � Rn�n satisfy Condition ���� and let �N be either the constant
step�size selection ���	 or the variable step�size selection ���	� The recursion

Uk�� � Uke
�k�U

T
k H�Uk�N �� U� � O�n��

�k � �N �Hk�

referred to as the associated orthogonal Lie�bracket algorithm� has the following prop�
erties�

i	 A solution Uk� k � �� �� � � �� to the associated orthogonal Lie�bracket algorithm
remains orthogonal�

ii	 Let ��U � � jjUTH�U � N jj� be a map from O�n� to the set of non�negative
reals R�� Let Uk� k � �� �� � � �� be a solution to the associated orthogonal Lie�
bracket algorithm� Then ��Uk� is strictly monotonically decreasing for every
k � N where �UT

k H�Uk� N � 	� ��
iii	 Fixed points of the algorithm are characterised by matrices U � O�n� such

that

�UTH�U�N � � ��

There are exactly �nn� distinct �xed points�

�




iv	 Let Uk� k � �� �� � � �� be a solution to the associated orthogonal Lie�bracket
algorithm� then Uk converges to an orthogonal matrix U�� a �xed point of
the algorithm�

v	 All �xed points of the associated orthogonal Lie�bracket algorithm are strictly
unstable� except those �n points U� � O�n� such that

UT
� H�U� � ��

where � � diag�	�� � � � � 	n�� Such points U� are locally exponentially asymp�
totically stable and H� � U��U

T
� is an eigenspace decomposition of H��

Proof� Part i� follows directly from the orthogonal nature of e�k�U
T
k H�Uk�N �� Note

that in part ii� the de�nition of � can be expressed in terms of the map g�U � � UTH�U
from O�n� to M �H�� and the Lie�bracket potential ��H� � jjH �N jj� of ���� i�e�

��Uk� � ��g�Uk���

Observe that g�U�� � UT
� H�U�� and thus� g�Uk� is the solution of the Lie�bracket

algorithm with initial condition UT
� H�U�� As the step�size selection scheme �N is

either ���� or ����� then g�Uk� satis�es ���� This ensures that part ii� holds�
If Uk is a �xed point of the associated orthogonal Lie�bracket algorithmwith initial

condition UT
� H�U�� then g�Uk� is a �xed point of the Lie�bracket algorithm� Thus�

from Proposition ���� �g�Uk�� N � � �UT
k H�Uk� N � � �� Moreover� if �UT

k H�Uk� N � � �
for some given k � N� then by inspection Uk�l � Uk for l � �� �� � � �� and Uk is a �xed
point of the associated orthogonal Lie�bracket algorithm� From Lemma ��� it follows
that if U is a �xed point of the algorithm then UTH�U � �T�� for some permutation
matrix �� By inspection any orthogonal matrixW � SU�T � where S is a sign matrix
S � diag�
�� � � � �
��� is also a �xed point of the recursion� and indeed� any two �xed
points are related in this manner� A simple counting argument shows that there are
exactly �nn� distinct matrices of this form�

To prove iv�� note that since g�Uk� is a solution to the Lie�bracket algorithm� it
converges to a limit point H� � M �H��� �H�� N � � � �Proposition ����� Thus Uk
must converge to the preimage set of H� via the map g� Condition 	�� ensures that
set generated by the preimage of H� is a �nite distinct set� any two elements U�

�

and U�
� of which� are related by U�

� � U�
�S� S � diag�
�� � � � �
��� Convergence

to a particular element of this preimage follows since �k�U
T
k H�Uk� N � � � as in

Proposition ����
To prove part v�� observe that the dimension of O�n� is the same as the dimension

of M �H��� due to the genericity Condition 	��� Thus g is locally a di�eomorphism
on O�n�� which forms an exact equivalence between the Lie�bracket algorithm and
the associated orthogonal Lie�bracket algorithm� Restricting g to a local region the
stability structure of equilibria are preserved under the map g��� Thus� all �xed
points of the associated orthogonal Lie�bracket algorithm are locally unstable except
those that map via g to the unique locally asymptotically stable equilibrium of the Lie�
bracket recursion� Observe that due to the monotonicity of ��Uk� a locally unstable
equilibrium is also globally unstable�

Theorem ���� Let H� � R
m�n where m � n satis�es Condition ���� Let

N � Rm�n satisfy Condition 
��� Let the time�step �k be given by

�k � �bN � bH��
��



where �bN is either the constant step�size selection ���	� or the variable step�size se�

lection scheme ���	� on M � bH��� The recursion

Vk�� � Vke
�kfU

T
k H

T
� Vk�N

T g� V� � O�m�

Uk�� � Uke
�kfV

T
k H�Uk�Ng� U� � O�n��

referred to as the associated orthogonal singular value algorithm� has the following
properties�

i	 Let �Vk� Uk� be a solution to the associated orthogonal singular value algo�
rithm� then both Vk and Uk remain orthogonal�

ii	 Let ��V� U � � jjV TH�U �N jj
� be a map from O�m��O�n� to the set of non�

negative realsR�� then ��Vk� Uk� is strictly monotonically decreasing for every
k � N where fV T

k H�Uk� Ng 	� � and fUT
k H

T
� Vk� N

Tg 	� �� Moreover� �xed
points of the algorithm are characterised by matrix pairs �V� U � � O�m��O�n�
such that

fV TH�U�Ng � � and fU
THT

� V�N
Tg � ��

iii	 Let �Vk� Uk�� k � �� �� � � �� be a solution to the associated orthogonal singu�
lar value algorithm� then �Vk� Uk� converges to a pair of orthogonal matrices
�V�� U��� a �xed point of the algorithm�

iv	 All �xed points of the associated orthogonal singular value algorithm are
strictly unstable� except those points �V�� U�� � O�m� �O�n� such that

V T
� H�U� �  �

where  � diag���� � � � � �n� � R
m�n� Each such point �V�� U�� is locally

exponentially asymptotically stable and H� � V T
�  U� is a singular value de�

composition of H��
Proof� Analogous to the proof of Theorem 	���

	� Computational Considerations� There are several issues involved in the
implementation of the Lie�bracket algorithm as a numerical tool which have not been
dealt with in the body of this paper� Design and implementation of e�cient code
has not been considered and would depend heavily on the nature of the hardware on
which such a recursion would be run� As each iteration requires the calculation of
a time�step� an exponential and a k � � estimate it is likely that it would be best
to consider applications in parallel processing environments� Certainly in a standard
computational environment the exponential calculation would limit the possible areas
of useful application of the algorithms proposed�

It is also possible to consider approximations of the Lie�bracket algorithm which
have good computational properties� For example� consider a ����� Pad!e approxima�
tion to the matrix exponential

e�k�Hk�N � �
�I � �k�Hk� N �

�I � �k�Hk� N �
�

Such an approach has the advantage that� as �Hk� N � is skew symmetric� the Pad!e
approximation will be orthogonal� and will preserve the isospectral nature of the
Lie�bracket algorithm� Similarly an �n� n� Pad!e approximation of the exponential
for any n will also be orthogonal� There are di�culties involved in obtaining direct

��



step�size selection schemes based on the Pad!e approximate Lie�bracket algorithms�
To guarantee that the potential � is monotonic decreasing for such schemes� direct
estimates of time�step must be chosen prohibitively small� A good heuristic choice
of step�size selection scheme� however� can be made based on the selection schemes
given in this paper� and simulations indicate that such an approach is viable�

Another approach is to take just the linear term from the Taylors expansion of
Hk����k��

Hk�� � Hk � �k�Hk� �Hk� N ���

as an algorithm on Rn�n� An algorithm such as this is similar in form to approx�
imating the curves generated by the Lie�bracket algorithm by straight lines� The
approximation will not retain the isospectral nature of the Lie�bracket recursion� how�
ever� it is computationally cheap� Furthermore� when the curvature of the manifold
M �H�� is small then it can be imagined that the linear algorithm would be a good
approximation to the Lie�bracket algorithm�


� Conclusion� In this paper we have proposed two algorithms which� along
with their associated orthogonal algorithms� calculate respectively� the eigenvalue de�
composition of a symmetric matrix and the singular value decomposition of a general
matrix� Moreover� we have presented two suitable step�size selection schemes which
ensure that� for generic initial conditions� the algorithms proposed will converge ex�
ponentially fast to an asymptotically attractive �xed point�

In future work we are hoping to improve the theoretical understanding of the step�
size selection schemes necessary for the Lie�bracket algorithm as well as investigating
a number of related applications of the double�bracket �ow and its discretisation�
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�� Appendix� The following discussion is a proof of Proposition 
���
Proof� By Lemma 
��� � is the unique locally asymptotically stable equilibrium

point� and it remains to show that � is exponentially attractive� Note that direct
linearisation techniques do not apply as the recursion will not necessarily be di�er�
entiable at the equilibrium �� To proceed we set c � ���
jjH�jj � jjN jj�� the constant
time�step� and show that the Lie�bracket algorithm converges faster using the variable
step�size selection scheme than it does with the constant time�step c� The proof is
divided into a number of lemmas�

Lemma ���� Let � 
 � 
 min��� c�� where c � ���
jjH�jj � jjN jj�� Then there
exists a real number 
� such that for Hk �M �H�� and jj�Hk� N �jj 
 
�� then

� � ���Hk� �� � ���jj�Hk� N �jj
������

Proof� Consider the error term ��tr�NR��� ��� de�ned in Lemma ��� and recall
the estimation argument for Lemma ���� Employing a similar argument for � � �
gives

j��tr�NR�����j � jjH�jj � jjN jj �
�
e��jj�Hk�N �jj � �� ��jj�Hk� N �jj

	
�

Thus� combining this with ��� it follows that

���Hk� �� � ���jj�Hk� N �jj
�� ���jtr�NR�����j

� ���jj�Hk� N �jj
�� �jjH�jj � jjN jj ��

e��jj�Hk�N �jj � �� ��jj�Hk� N �jj
	
���
�

It is well known that

��ey � �� y� � y� for y � ���

where "�� indicates that two functions are asymptotically equal� This is equivalent to
saying that for any � � �� there exists 
��� � �� such that for all y� where 
��� � y � ��

then ��� 
 �	ey���y

y�


 ���� Thus� choosing � � ��
� it follows that for 
���� � y � �

then ��ey � �� y� 
 �y�� Recall that we are restricting � 
 �� and thus� there exists
some real number 
� � � such that if jj�Hk� N �jj 
 
�� then ��jj�Hk� N �jj 
 
��� ��

and hence ��e��jj�Hk�N �jj � �� ��jj�Hk� N �jj� 
 
�
�jj�Hk� N �jj

�� Substituting this into
equation ��
� gives

���Hk� �� � ���jj�Hk� N �jj
�� 
��jjH�jj � jjN jj � jj�Hk� N �jj

������


�



By additionally requiring that � 
 c � ���
jjH�jj � jjN jj� the lemma is proved�
Lemma ���� Let ��N be the step�size selection scheme given by Lemma ��
� and

let � � R�� such that ��N �Hk� � � � � for all �Hk� N � 	� �� De�ne � �� minf�� cg
and choose � � R� such that

� 
 � 
 min

�
�� c�

�

�
�� � �jjH�jj � jjN jj�

��

�
�

Then there exists a real number 
� � � such that for any Hk �M �H�� with jj�Hk� N �jj


�

� ��jj�Hk� N �jj
� � ���U�Hk� �

�
k����	�

Proof� Recall that ��k was chosen as the �rst critical point of the function
���U �Hk� � �� Thus ���U �Hk� � � is monotonic decreasing on the interval ��� ��k��
The lower bound � 
 �� for ��N � must be less than ��k� and thus ��

�
U�Hk� �� �

���U �Hk� �
�
k�� Substituting � into the de�nition of ��

�
U gives

���U �Hk� �� � ���jj�Hk� N �jj
��

jjH�jj � jj�N� �Hk� N ��jj

jj�Hk� N �jj

�
e�	jj�Hk�N �jj � �� ��jj�Hk� N �jj

	
�

� ���jj�Hk� N �jj
��

�jjH�jj � jjN jj
�
e�	jj�Hk�N �jj � �� ��jj�Hk� N �jj

	
�

As shown in Lemma ���� there exists 
� � �� such that for any Hk � M �H��� where
jj�Hk� N �jj
 
�� then �

�
e�	jj�Hk�N �jj � �� ��jj�Hk� N �jj

�

 
��jj�Hk� N �jj�� Using this

with the above inequality gives

���U �Hk� �� � �jj�Hk� N �jj
�
�
�jjH�jj � jjN jj�

� � �
�
�

Note that since � 
 c then the right hand side of the last inequality is strictly negative�
Now as

� 
 � 

�

�

�
� � �jjH�jj � jjN jj�

�
�

then ���jj�Hk� N �jj� � �jj�Hk� N �jj�
�
�jjH�jj � jjN jj�

� � �
�
and the result follows�

The proof of Proposition 
�� now follows by choosing

� � min

��
�
�
c
�
�

�
� � �jjH�jj � jjN jj�

�
�����

where � � min��� c�� Thus� from Lemma ��� and Lemma ���� choose 
� and 
� such
that the results hold and set 
 � �

� min f
�� 
�g� Hence� combining the inequalities
���� and ��	�� gives

���Hk� �
�
k� 
 ���Hk� �� 
 ������

for all Hk �M �H��� with jj�Hk� N �jj
 
�







Let D
 be some open set around � such that jj�Hk� N �jj 
 
� Note that � � c�

and thus from Lemma 
��� the Lie�bracket algorithm equipped with ��N � � as a
step�size selection scheme is exponentially stable� Finally� note that within D
� and
due to ����� ��Hk����

�
k�� will always decrease faster than ��Hk������� regardless of

Hk� Since � is exponentially attractive for the Lie�bracket algorithm equipped with
the selection scheme ��N � it follows that � must also be exponentially attractive for
the same recursion equipped with the selection scheme ��N �


�


