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Abstract. Recent work has shown that the algebraic question of determining the eigenvalues,
or singular values, of a matrix can be answered by solving certain continuous-time gradient flows on
matrix manifolds. To obtain computational methods based on this theory, it is reasonable to de-
velop algorithms which iteratively approximate the continuous-time flows. In this paper we propose
two algorithms, based on a double Lie-bracket equation recently studied by Brockett, which appear
suitable for implementation in parallel processing environments. The algorithms presented achieve,
respectively, the eigenvalue decomposition of a symmetric matrix, and the singular value decompo-
sition of an arbitrary matrix. The algorithms have the same equilibria as the continuous-time flows
on which they are based and inherit the exponential convergence of the continuous-time solutions.
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1. Introduction. A traditional algebraic approach to determining the eigen-
value and eigenvector structure of an arbitrary matrix is the QR-algorithm. In the
early eighties it was observed that the QR~algorithm is closely related to a continuous-
time differential equation, which had become known through study of the Toda lat-
tice. Symes [13], and Deift, Nanda and Tomei [6] showed that for tridiagonal real
symmetric matrices, the QR-algorithm is a discrete-time sampling of the solution to
a continuous-time differential equation. This result was generalised to full complex
matrices by Chu [3], and Watkins and Elsner [14] provided further insight in the late
eighties.

Brockett [2] studied dynamic matrix flows generated by the double Lie-bracket
equation,

H =[H,[H,N]], H(0)= Hy,

for constant symmetric matrices N and Hy, and where we use the Lie-bracket nota-
tion [X,Y] = XY — Y X. We will call this differential equation the double-bracket
equation, and solutions of this equation double-bracket flows. Similar matrix dif-
ferential equations have been known and studied previous to those references given
above in the area of Physics. An example, is the Landau-Lifschitz-Gilbert equation
of micromagnetics

L T 2

o= 1+a2(mxH—amx(mxH)) |m|* =1,

as a — oo and y/a — k, a constant. In this equation m, H € B3 and the cross-
product is equivalent to a Lie-bracket operation. The relevance of such equations

* The authors wish to acknowledge the funding of the activities of the Cooperative Research
Centre for Robust and Adaptive Systems by the Australian Commonwealth Government under the
Cooperative Research Centres Program. The authors also wish to acknowledge additional support
from BCAC Inc.

t Department of Systems Engineering, Research School of Physical Sciences and Systems Engi-
neering, Australian National University, A.C.T., 0200, Australia.

{ Department of Mathematics, University of Regensburg, 8400 Regensburg, F.R.G.

1



to traditional Linear Algebra problems, however, has only recently been studied and
discretisations of such flows have not been investigated.

The double-bracket equation i1s not known to be a continuous-time version of any
previously existing linear algebra algorithm, however, it exhibits exponential conver-
gence to an equilibrium point on the manifold of self-equivalent symmetric matrices
[2, 5, 9]. Brockett [2] was able to show that this flow can be used to diagonalise
real symmetric matrices, and thus, to find their eigenvalues, sort lists, and even to
solve linear programming problems. Part of the flexibility and theoretical appeal of
the double-bracket equation follows from its dependence on the arbitrary matrix pa-
rameter N, which can be varied to control the transient behaviour of the differential
equation.

In independent work by Driessel [7], Chu and Driessel [5], Smith [12] and Helmke
and Moore [8], a similar gradient flow approach is developed for the task of computing
the singular values of a general non-symmetric, non-square matrix. The differential
equation obtained in these approaches is almost identical to the double-bracket equa-
tion. In [8], it is shown that these flows can also be derived as special cases of the
double-bracket equation for a non-symmetric matrix, suitably augmented to be sym-
metric.

With the theoretical aspects of these differential equations becoming known, and
with applications in the area of balanced realizations [10, 11] along with the more
traditional matrix eigenvalue problems, there remains the question of efficiently com-
puting their solutions. No explicit solutions to the differential equations have been
obtained and a direct numerical estimate of their integral solutions seems unlikely to
be an efficient computational algorithm. Iterative algorithms that approximate the
continuous-time flows, however, seem more likely to yield useful numerical methods.
Furthermore, discretisations of such isospectral matrix flows are of general theoretical
interest in the field of numerical linear algebra. For example, the algorithms proposed
in this paper involve adjustable parameters, such as step-size selection schemes and
a matrix parameter N, which are not present in traditional algorithms such as the
QR-algorithm or the Jacobi method.

In this paper, we propose a new algorithm, which we will call the Lie-bracket
algorithm, for computing the eigenvalues of an arbitrary symmetric matrix,

Hpy1 = e~ oxlHx N pp pon[Hi, N1

For suitably small ag, termed {ime-steps, the algorithm i1s an approximation of the
solution to the continuous time double-bracket equation. Thus, the algorithm rep-
resents an approach to developing new recursive algorithms based on approximating
suitable continuous-time flows. We show that for suitable choices of time-steps the
Lie-bracket algorithm inherits the same equilibria as the double-bracket flow. Further-
more, exponential convergence of the algorithm is shown. This paper presents only
theoretical results on the Lie-bracket algorithm and does not attempt to compare its
performance to that of existing methods for calculating the eigenvalues of a matrix.

Continuous-time gradient flows which compute the singular values of arbitrary
non-symmetric matrices, such as those covered in [5, 8, 9, 12], have a similar form to
the double-bracket equation on which the Lie-bracket algorithm was based. We use
this similarity to generate a new scheme for computing the singular values of a general
matrix, termed the singular value algorithm. The natural equivalence between the Lie-
bracket algorithm and the singular value algorithm is demonstrated, and exponential
convergence results follow almost directly.
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Associated with the main algorithms presented for the computation of the eigen-
values or singular values of matrices are algorithms which compute the full eigenspace
decompositions of given matrices. These algorithms are closely related to the Lie-
bracket algorithm and also display exponential convergence.

The paper is divided into seven sections, including the introduction, and an Ap-
pendix. In Section 2 of this paper, we consider the Lie-bracket algorithm and prove a
proposition that ensures the algorithm converges to a fixed point. Section 3 deals with
choosing step-size selection schemes, and proposes two valid deterministic functions
for defining the time-steps. Considering the particular step-size selection schemes pre-
sented 1in Section 3 we return to the question of stability in Section 4 and show that
the Lie-bracket algorithm has a unique exponentially attractive fixed point, though
several of the technical proofs are deferred to the Appendix. This completes the dis-
cussion for the symmetric case and Section 5 considers the non-symmetric case and the
singular value decomposition. Section 6 presents associated algorithms that compute
the eigenspace decompositions of given initial conditions. A number of computational
issues are briefly mentioned in Section 7.

2. The Lie-Bracket Algorithm. In this section, we begin by introducing the
least squares potential that underpins the recent gradient flow results and then de-
scribe the double Lie-bracket equation first derived by Brockett [2]. The Lie-bracket
recursion is introduced, and conditions are given which guarantee convergence of the
algorithm.

Let N and H be real symmetric matrices, and consider the potential function

(1) Y(H) = |[H- NI
= |HIP+[IN]]? = 2t2(N H),

where the norm used is the Frobenius norm || X||? := tr(XT X) =} 7;, with @5 the
elements of X. Note that () measures the least squares difference between the
elements of H and the elements of N. Let M(Hg) be the set of orthogonally similar
matrices, generated by some symmetric initial condition Hy = HY € R**". Then

(2) M(Ho) ={UTHoU | U € O(n)},

where O(n) denotes the group of all n x n real orthogonal matrices. Tt is shown in [9,
pg. 48] that M(Hy) is a smooth compact Riemannian manifold with explicit forms
given for its tangent space and Riemannian metric. Furthermore, in [1, 5] the gradient
of ¢(I), with the respect to the normal Riemannian metric on M (Hy) [9, pg. 50], is
shown to be Vy(H) = —[H,[H, N]]. Consider the gradient flow given by the solution
of

(3) H

—Vi(H)
[H,[H,N]|, with H(0) = Ho,

which we call the double-bracket flow [2, 5]. Thus, the double-bracket flow is a gradient
flow which acts to decrease, or minimise, the least squares potential ¢, on the manifold
M (Hy). Note that from (1), this is equivalent to increasing, or maximising, tr(N H).
We will refer to the matrix Hy as the initial condition, and the matrix N as the target
matriz.

The Lie-bracket algorithm proposed in this paper is,

(4) Hk‘-l—l = e_ak[Hka]erOék[Hk,N]
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for arbitrary symmetric n x n matrices Hy and N, and some suitably small scalars
ay, termed time-steps. To motivate the Lie-bracket algorithm consider the curve
Hipai(t) = e~ tHx NI fT etlHx NT - Thys, Hi41(0) = Hy, and Hpq1 = Hpyai(og), the
k + 1’th iteration of (4). Observe that

d
(e MM Ny = [y, [H, NT),

t=0

and thus, e N1 et N] ig o first approximation of the double-bracket flow at
Hy, € M(Hy). Tt follows that for small «y;, the solution to (3) evaluated at timet = oy,
with H(0) = Hy, is approximately Hyy1 = Hpy1 (o).

It is easily seen from above that stationary points of (3) will be fixed points of
(4). In general, (4) may have more fixed points than just the stationary points of (3),
however, Proposition 2.1 shows that this is not the case for suitable choice of time-step
ap. We use the term equilibrium point to mean a fixed point of the algorithm which
is also a stationary point of (3).

To implement (4) it is necessary to specify the time-steps aj. We do this by
considering functions an : M(Hg) — Ry, and setting o := an(Hyp). We refer to the
function ay as the step-size selection scheme. We require that the step-size selection
scheme satisfies the following condition.

CONDITION 2.1. Let oy : M(Hy) — Ry be a step-size selection scheme for the
Lie-bracket algorithm on M(Hy). Then an is well defined and continuous on all of
M(Hy), except possibly those points H € M(Hy) where HN = NH. Furthermore,
there exist real numbers B,y > 0, such that B > an(H) > v for all H € M(H,)
where an 15 well defined.

Remark 2.1. We find that the variable step-size selection scheme proposed in this
paper, which provides the best simulation results, is discontinuous at all the points
H € M(H,), such that [H, N]= 0.

Remark 2.2. Note that the definition of a step-size selection scheme depends
implicitly on the matrix parameter N. Indeed, an can be thought of as a function in
two matrix variables N and H.

CONDITION 2.2. Let N be a diagonal n X n matriz with distinct diagonal entries
H1 > fo > ... > [in.

Remark 2.3. This condition on N, along with Condition 2.1 on the step-size
selection scheme, is chosen to ensure that the Lie-bracket algorithm converges to a
diagonal matrix, from which the eigenvalues of Hy can be directly determined.

Let Ay > Xs > ... > A, be the eigenvalues of Hy with associated algebraic
multiplicities ny, ..., n, satisfying >.;_, n; = n. Note that as Hy is symmetric, the
eigenvalues of Hy are all real. Thus, the diagonalisation of Hy is

M, - 0
(5) A oo )
0 o A,

where I, is the n; x n; identity matrix. For generic initial conditions and a target
matrix N that satisfies Condition 2.2, the continuous-time equation (3) converges
exponentially fast to A [2, 9]. Thus, the eigenvalues of Hy are the diagonal entries
of the limiting value of the infinite time solution to (3). The Lie-bracket algorithm
behaves similarly to (3) for small o, and, given a suitable step-size selection scheme,
should converge to the same equilibrium as the continuous time equation.
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PropPoOSITION 2.1. Let Hy and N be n x n real symmetric matrices where
N satisfies Condition 2.2. Let (H) be given by (1) and let any : M(Hy) — Ry
be a step-size selection scheme that satisfies Condition 2.1. For Hy € M(Hy), let
ar = ay(Hy) and define

(6) AN Y(Hy, ap) = (Hpg1) — Y(Hy),
where Hyyq is given by (4). Suppose
(7) ANY(Hp,ap) < 0, when [Hp, N]#0.

Then:
a) The iterative equation (4) defines an isospectral (eigenvalue preserving) re-
cursion on the manifold M(Hy).
b) The fized points of ({) are characterised by matrices H € M(Hy) satisfying

(8) [H,N]=0.

¢) Bvery solution Hy, for k = 1,2,..., of ({), converges as k — oo, {o some
He, € M(Hy) where [Hoo, N] = 0.

Proof. To prove part a), note that the Lie-bracket [H, N|¥ = —[H, N] is skew-
symmetric. As the exponential of a skew-symmetric matrix is orthogonal, (4) is an
orthogonal conjugation of Hj and hence is isospectral.

For part b) note that if [Hy, N] = 0, then by direct substitution into (4) we see
Hpyy1 = Hy and thus, Hyq; = Hy, for [ > 1, and Hy, is a fixed point of (4). Conversely
if [Hi, N] # 0, then from (7), AyY(Hp, ar) # 0, and thus Hyyq # Hy. By inspection,
points satisfying (8) are stationary points of (3), and indeed are known to be the only
stationary points of (3) [9, pg. 50]. Thus, the fixed points of (4) are equilibrium
points, in the sense that they are all stationary points of (3). In order to prove part
¢) we need the following lemma.

LEMMA 2.2. Let N satisfy Condition 2.2 and an satisfy Condition 2.1 such that
the Lie-bracket algorithm satisfies (7). The Lie-bracket algorithm, (4), has exactly
n!/[Ti— (ni!) distinct equilibrium points in M(Hy). These equilibrium points are
characterised by the matrices #° Aw, where T is an n X n permutation matriz, a
rearrangement of the rows of the identity matriz, and A is given by (5).

Proof. Note that part b) of Proposition 2.1 characterises equilibrium points of (4)
as H € M(Hy) such that [H, N] = 0. Evaluating this condition component wise, for
H = {h;;}, gives

hij(pj — pi) = 0,

and hence by Condition 2.2, h;; = 0 for ¢ # j. Using the fact that (4) is isospectral, it
follows that equilibrium points are diagonal matrices which have the same eigenvalues
as Hy. Such matrices are distinct, and can be written in the form 77 Ax, for 7 an
n X n permutation matrix. A simple counting argument yields the number of matrices
which satisfy this condition to be n!/[[;_,(n;!). O

Consider for a fixed initial condition Hy, the sequence Hy, generated by the Lie-
bracket algorithm. Observe that condition (7) implies that ¢( Hy,) is strictly monotonic
decreasing for all & where [Hy, N] # 0. Also, since ¢ is a continuous function on the
compact set M (Hg), then ¢ is bounded from below, and ¢/(H}) will converge to some
non-negative value ;. As ¥(Hp) — Yoo then AY(Hy, ) — 0.
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For an arbitrary positive number €, define the open set D, C M(Hy), consisting
of all points of M (Hy), within an € neighbourhood of some equilibrium point of (4).
The set M(Hy) — D, is a closed, compact subset of M(Hgy) on which the matrix
function H — [H, N] does not vanish. As a consequence, the difference function (6)
is continuous and strictly negative on M (Hy) — D, and thus, can be over bounded
by some strictly negative number é; < 0. Moreover, as Ay(Hp, o) — 0 then there
exists a K = K(é1) such that for all k > K then 0 > A¢(Hy, o) > 1. This ensures
that Hy € D, for all & > K. In other words, Hy is converging to some subset of
possible equilibrium points.

Imposing the upper bound B on the step-size selection scheme ap, Condition
2.2, it follows that ax(Hy)[Hg, N] — 0 as k — oo. Thus, e~ HUHN T the
identity matrix, and hence, e~ NHOHERN fr con(HOHNT [ ag b — oo, As a
consequence ||Hp41 — Hy|| — 0 for £ — oo and this combined with the distinct nature
of the fixed points, Lemma 2.2, and the partial convergence already shown, completes
the proof. 0O

Remark 2.4. In Condition 2.2 it was required that N have distinct diagonal
entries. If this condition is not satisfied the equilibrium condition [H, N] = 0 may
no longer force H to be diagonal, and thus, though the algorithm will converge it is
unlikely to converge to a diagonal matrix.

3. Step-Size Selection. The Lie-bracket algorithm (4) requires a suitable step-
size selection scheme before it can be implemented. To generate such a scheme, we
use the potential (1) as a measure of the convergence of (4) at each iteration. Thus,
we aim to choose each time-step to maximise the absolute change in potential | A |
of (6), such that Ay < 0. Optimal time-steps can be determined at each step of the
iteration by completing a line search to maximise the absolute change in potential as
the time-step is increased. Such an approach, however, involves high computational
overheads and we aim rather to obtain a step-size selection scheme in the form of a
scalar equation depending on known values.

Using the Taylor’s expansion, we express Ay(Hy, ) for a general time-step 7, as
a linear term plus a higher order error term. By estimating the error term we obtain a
mathematically simple function Ay (Hy, 7) which is an upper bound to Ay(Hy, 1)
for all 7. Then, choosing a suitable time-step, aj, based on minimising Ay, we
guarantee that the actual change in potential, A¢(Hy, o) < Avpp(Hp, ap) < 0,
satisfies (7). Due to the simple nature of the function Ay, there is an explicit form
for the time-step ay depending only on Hy and N. We begin by deriving an expression
for the error term.

LEMMA 3.1. For the k'™ step of the recursion ({) the change in potential Avy(Hy,T)
of (6), for a time-step T is

(9) AY(Hyg, 7) = =27||[Hg, N]||? = 27%tr(NR2(T)),
with
(10) Ra(r) ::/0 (1= s)Hy/ 1 (s7)ds,

where H/, | (T) is the second derivative of Hyy1(T) with respect to T.

Proof. Let Hyy1(7) be the k + 10 recursive estimate for an arbitrary time-step
7. Thus Hpq1(7) = e~ T e N1 e m[H,NT Tt g easy to verify that the first and second



time derivatives of Hy41 are exactly

Hipi(r) = [Higa(7), [He, N
Hi () = [[Higa(r), [Hi, NI, [H, N]].

Applying Taylor’s theorem, then

1

d
I Hi41(0 (1= s)Hy/ 1 (s7)ds,
0

= Hk—|—T[Hk,[Hk; ]]+T2R2(T)

(1) He(r) = Hepn(0)+7—-

Consider the change in the potential () between the points Hy and Hy11(7),

(12) AY(He,m) = Y(Hppi(7)) — ¥(Hy)
= —20(N(Hyy1(7) — Hy))
= —2tr(N(r[Hy, [Hi, N]] + 72Ro(1)))
= —27||[Hx, N]||* = 27%tr(NRa(7))

a

Note that for 7 = 0 then A¢(H,0) = 0, and also that %Ad)(Hk,T)L:O =
—2||[Hk, N]||?. Thus, for sufficiently small 7 the error term 7%tr(NR2(7)) becomes
negligible, and Aw(Hy,7) is strictly negative. Let agp > 0 be the first time for

which %Ad)(f]k, 7')| =0, then AY(Hy, aopt) < Ap(Hy, ) < 0 for all strictly

positive T < agpt. It is not possible, however, to estimate aqpe directly from (12) due
to the transcendental nature of the error term Ra2(7). By considering two separate

T=Qopt

estimates of the error term we obtain two step-size selection schemes, ap < agpt.
The first, and constant, step-size selection scheme follows from a loose bound of the
error, whereas the second, variable step-size selection scheme, follows from a more
sophisticated argument, and results in faster convergence of (4).

LEMMA 3.2. Constant Step-Size Selection Scheme.
The constant time-step

1
(13) afy =
N Al Holl - IV]|

satisfies Condition 2.1. Furthermore, the Lie-bracket algorithm, equipped with the
step-size selection scheme oSy, satisfies (7).
Proof. Recall that for the Frobenius norm [tr(XY)| < ||X]| - ||Y||. Then

Ap(Hy, 7) =27|[H, N]II* + 272 [tr(N R (7))
=2r[|[Hy, NII? + 272N ] - [[R2(7)]|

—2r||[Hy, NI + 277 | N]| -

/0(1—S)II[[Hk+1(ST),[Hk,N]],[Hk,N]]IIdS

=27 ||[H, N]||* + 472N || - [ Hol| - |[[Hx, N|I*
(14) = Al/)U(Hk,T).

Thus Ay (Hy, 7) is an upper bound for Av¢(Hy, 7) and has the property that for
sufficiently small 7, it is strictly negative, see Figure 1. Due to the quadratic form of

7
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ak / a
| T
/
| 7/ ’ 4
/ /
’ Ay, (H,o) <07 7 ’
/ ’ /
Ady(H.0) / ’ / ’ / . / ’
/ / /
, LAy (H,a) > Ap(H,0) 7
’ /

Fig. 1. The upper bound on AY(Hy, o) viz Ay (Hy, o)

Aty (Hg, 7) In 7, it is immediately clear that af = of(Hx) = 1/(4||Hol|||N]]) of (13)
is the minimum of (14). O

A direct norm bound of the integral error term is not likely to be a tight estimate
of the error, and the function Ay is a fairly crude bound for Avy. The following
more sophisticated estimate results in a step-size selection scheme which causes the
Lie-bracket algorithm to converge an order of magnitude faster.

LEMMA 3.3.  An Improved Bound for Ay(Hy, 7).
The difference function A(Hy, ) can be over bounded by

Dy(Hy, 1) < =27|[[Hy, N]|]P +
|[Hol| - I[N, [He, N]]I
|I[H, Nl
(15) = AYL(Hg,T).

(21— 1 — 371, V) )).

Proof. Consider the Taylor series expansion of the matrix exponential

1

3
A

1
eA=T+A+ 5AZ +
It is easily verified that

(16) eABe=4

B+ [A,B]+ %[A, [4, Bll+ %[A, A [4,B]]]+---

Z %adeB.

i=0

Here adyy B = ada (ad';'B), ad, B = B where ady : R"*" — R"*" is the linear map
X — AX — X A. Substituting —7[H}, N] and Hj for A and B in (16) and comparing
with (11), gives

oQ

1 .
T2'R,2(T) = Z ﬁad]—T[Hk,N](Hk)'

ji=2 ’

Considering [tr(NR2(7))| and using the readily established identity tr(Nadj_AB) =



tr((adQN)B) gives

P2 tr(NRs (7)) = Ji v (ad (V) HL)
< il,nad ity ()11 1l
< i}mvﬂk, NP = lladsgan, 5 (W] |1 Hol
ST )”;j(%”w’“ i
Ul I8 N 01— i, 1)

Thus combining this with the first line of (14) gives (15). O

The variable step-size selection scheme is derived from this estimate of the error
term in the same manner the constant step-size selection scheme was derived in Lemma
3.2.

LEMMA 3.4. Variable Step-Size Selection Scheme.
The step-size selection scheme oy : M(Hy) — Ry

s . ||[H, NTII”
(17) N = g, ) e T T, L T

+1),

where all norms are Frobenius norms, satisfies Condition 2.1. Furthermore, the Lie-
bracket algorithm, equipped with the step-size selection scheme o'y, satisfies (7).

Proof. We first show that oy satisfies the requirements of Condition 2.1. As the
Frobenius norm is a continuous function then o, is well defined and continuous at all
points H € M(Hy) such that [H, N] # 0. Note that when [H, N] = 0 then «’ is not
well defined. To show that there exists a positive constant v, such that e (H) > 7,
consider the following lower bound,

I SO 1790
(18) A TS TR T AT
| L, NI 2
S o, a1 S T T T Y
NP
S T, 3 ol T G, v

which is just «j;. Using L’Hopital’s rule it can be seen that the limit of aﬁ at an
equilibrium point, H € M (Hy) such that [H, N] =0, is 1/(4||Hol| - ||NV]]). Including
these points in the definition of a%;, gives that a% is a continuous, strictly positive,
well defined function for all H € M(Hy). Thus, as M(Hyp) is compact, there exists a

real number vy > 0 such that
* L
ay > ay 27 >0,

on M(Ho) — {Heo | [Hoo, N] = 0}.



To show that there exists a real number B > 0, such that o (H) < B, H €
M (Hy), set [H,N] = X = {2;;}. For N given by Condition 2.2, then ||[N, X]|| =
D izt — pj ), where x;; = 0 as [H, N] is skew symmetric. Observe that

Yoizi T
Zi;ﬁj(ﬂi - ﬂj)zl’?j
< mazigg(pi —py) 7t =0b

X/, X

for all choices of X = —X7T . Tt follows that

W) = gy
2]|1 X [ Holl [I[N, X]I|
1 || X]]b
< ——log +1
) o Y
< b _p
2||Hol|

since log(z + 1) < # for > 0.

Finally, for a matrix Hy € M(Hy), [Hg, N] # 0, the time-step o} (Hz) = o} >0
minimises (15), and from Lemma 3.3 it follows that 0 > Ay (Hy, 7) > AY(Hy, 7).
Thus, the Lie-bracket algorithm, equipped with the step-size selection scheme af;,
satisfies (7) and the proof is complete. O

4. Stability Analysis. In this section we study the stability of equilibria of
the Lie-bracket algorithm (4). Tt is shown that for generic initial conditions, and
any step-size selection scheme that satisfies Condition 2.1 and (7), the solution, Hy,
of the Lie-bracket algorithm converges to the unique equilibrium point A, given by
(5). Furthermore, we derive local exponential bounds on the rate of convergence. To
improve the readability of the paper the proofs of a number of the more technical
results have been deferred to an appendix. We begin by showing that A is the unique
locally asymptotically stable equilibrium point of (4).

LEMMA 4.1. Let N satisfy Condition (2.2), and an be some selection scheme
that satisfies Condition 2.1 and (7). The Lie-bracket algorithm ({), has a unique
locally asymptotically stable equilibrium point A, given by (5). All other equilibrium
points of ({) are unstable.

Proof. 1t 1s known that A is the unique local and global minimum of the potential
function ¢ on M(Hy) [9]. By assumptions on N and an, ¥(H}) is monotonically
decreasing. Thus the domain of attraction of A contains an open neighbourhood of
A, and hence, A is a locally asymptotically stable equilibrium point of (4).

All other equilibrium points H, are either saddle points or maxima of ¥ [9].
Thus for any neighbourhood, D, of some equilibrium point Ho, # A, there exists
some Hg € D such that ¢(Hy) < ¢(He). Tt follows that the solution to the Lie-
bracket algorithm, with initial condition Hy, will not converge to Hy, and thus H.,
is unstable. 0O

Lemma 4.1 is sufficient to conclude that for generic initial conditions the Lie-
bracket algorithm will converge to the unique matrix A. It is difficult to characterise
the set of initial conditions for which the algorithm converges to some unstable equi-
librium point Hs, # A. For the continuous-time double-bracket flow, however, it is
known that the unstable basins of attraction of such points are of zero measure in
M(Hy) [9].

10



LEMMA 4.2. Let N satisfy Condition 2.2. Let d € Ry be a constant such that
0 < d < 1/2||Ho||2||N||2 and consider the constant step-size selection scheme, o :
M(Hy) — By,

Ozle(H) =d.

The Lie-bracket algorithm (4), equipped with the step-size selection scheme ozjl\,, has
a unique locally exponentially asymptotically stable equilibrium point A, given by (5).
Proof. Since ozjl\, is a constant function, the time-step Ozg = ozjl\,(Hk) = d is

constant. Thus, the map

H,y — ¢~ Hx N odlHx N]

is a differentiable map on all M(Hy), and we may consider the linearisation of this
map at the equilibrium point A, given by (5). The linearisation of this recursion,
expressed in terms of = € TAM (Hy) (the tangent space of the equilibrium point A),
is

(19) Ert1 = 25 — d[(ExN — NZp)A — A(Ex N — NEp)].
Thus for the elements of Z; we have

(20) (Gijrar = [T =d(Xi = ) (i — p15)(&ij)re, for 4,5 =1,--- n.

The tangent space Ty M (Hy) at A consists of those matrices Z = [A, 2] where Q €
Skew(n), the class of skew symmetric matrices [9, pg. 53]. Thus, the matrices E are
parameterised by their components &;;, where ¢ < j, and A; # A;. This is a linearly
independent parameterisation of Ty M (Hy) and the eigenvalues of the linearisation
(19) can be read directly from (20) as 1 — d(Ars) — Ar(j)) (i — p15), for i < j and
Ai £ A;. Since A; > A; when ¢ > j then if d < 1/2||Ho||2||N||2 it follows that

|1 —d(A — A)) (i — py)l < 1,

for all ¢ < j with A; # A;. Classical stability theory gives that A is a locally exponen-
tially asymptotically stable equilibrium point of the recursion (4), with an exponential
rate of convergence of max;<; x,2x, {d(Xi — Aj)(pts — pt5)}. O

Remark 4.1.  As ||[N||2||Hollz < 2||N||||Hol|, the constant step-size selection
scheme «f; is an example of such a selection scheme where ¢ = 1/(4||Hol| - ||V]]).

Remark 4.2. Let an : M(Hg) — Ry be a step-size selection scheme that satisfies
Condition 2.1 and (7), and is also continuous on all M(Hgy). Let A be the locally
asymptotically stable equilibrium point given by (5). Set ase = an(A) and observe
that the linearisation of the Lie-bracket algorithm will be of the form (19) with d
replaced by ao,. Recall that the aﬁ, scheme defined in (18), is continuous, with
limit ok (Ho) = 1/(4||Ho|| - ||N]]). Thus, A is an exponentially asymptotically stable
equilibrium point for the Lie-bracket recursion equipped with the step-size selection
scheme ok

To show that the Lie-bracket algorithm is exponentially stable at A for the o,
step-size selection scheme is technically difficult due to the discontinuous nature of o’y
at equilibrium points. The proof of the following proposition is given in the appendix.

PROPOSITION 4.3. Let N satisfy Assumption (2.2) and o’y be the step-size se-
lection scheme given by Lemma 3.4. The iterative algorithm (4), has a unique expo-
nentially attractive equilibrium point A given by (5).
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Simulation 1

Diagonal elements of estimate

Iterations

Fig. 2. A plot of the diagonal elements, hy;, of each tteration, Hy, of the Lie-bracket algorithm run
on a 7 X 7 initial condition Ho with eigenvalues (1,...,7). The target matric N was chosen to be
diag(1,...,7).

To give an indication of the behaviour of the Lie-bracket algorithm two plots
of a simulation have been included, Figures 2 and 3. The simulation was run on a
random 7 X 7 symmetric initial value matrix with eigenvalues 1,...,7. The target
matrix N is chosen as diag(l,...,7) and as a consequence the minimum potential is
Yoo = 0. Figure 2 is a plot of the diagonal entries of the recursive estimate Hy. The
off-diagonal entries converge to zero as the diagonal entries converge to the eigenvalues
of Hy. Figure 3 is a plot of the potential ||[Hy — N||? verses the iteration k. This
plot clearly shows the monotonic decreasing nature of the potential at each step of
the algorithm.

We summarise the results of Sections 2, 3 and 4 in a theorem.

THEOREM 4.4. Let Hy = HY be a real symmetric n x n matriz with eigenvalues
A > ... > A, Let N € R satisfy Condition 2.2, and let an be cither the
constant step-size selection (13} or the variable step-size selection (17). The Lie-
bracket recursion

Hypr = e~ sl NT iy, cow[H N

bl

ar = an(Hy),

with wmitial condition Hy, has the following properties:
i) The recursion is isospectral.
i) If Hy is a solution of the Lie-bracket algorithm, then W(Hy) = ||Hy — N||* is
strictly monotonically decreasing for every k € N where [Hy, N] # 0.
ii1) Fized points of the recursive equation are characterised by matrices H €
M(Hy) such that

[H,N]=0.

iv) Fized points of the recursion are exactly the stationary points of the double-
bracket equation. These points are termed equilibrium points.

v) Let Hp, k = 1,2,..., be a solution to the Lie-bracket algorithm, then Hj
converges to a matric Hoo € M(Hy), [Hoo, N] = 0, an equilibrium point of
the recursion.

12



Simulation 1

Potential

Iterations

Fic. 3. The potential v(Hy) = ||Hy, — N||? for the Lie-bracket recursion.

vi) All equilibrium points of the Lie-bracket algorithm are strictly unstable, except
A =diag(Ay, ..., Ap) which is locally exponentially asymptotically stable.

5. Singular Value Computations. In this section we consider discretisations
of continuous-time flows to compute the singular values of an arbitrary matrix.

A singular value decomposition of a matrix Hy € R™*", m > n, is a matrix
decomposition

(21) Hy=VT2U,

where V € O(m), U € O(n) and

o1l e 0
(22) Y= : : :
0 - or 1y,
O(m—n)xn
Here 09 > 03 > ... > o, > 0 are the distinct singular values of Hy, occurring with
multiplicities nq, ..., n,, such that Z:Il n; = n. By convention the singular values

of a matrix are chosen to be non-negative. It should be noted that though such a
decomposition always exists and ¥ is unique, there is no unique choice of orthogonal
matrices V' and U. The approach we take is to define an algorithm which converges
to X, and thus computes the singular values of Hy, without directly generating the
orthogonal decomposition.

Let S(Hg) be the set of all orthogonally equivalent matrices to Hy,

(23) S(Ho) = {VTH,U e R™" |V € O(m), U € O(n)}.

It is shown in [9, pg. 89] that S(Hy) is a smooth compact Riemannian manifold
with explicit forms given for its tangent space and Riemannian metric. Following
[4, 5, 8,9, 12] we consider the task of calculating the singular values of a matrix Ho,
by minimising the least squares cost function ¢ : S(Hg) — Ry, ¥(H) = ||H — N||*.
It is shown in [8, 9] that ¢ achieves a unique local and global minimum at the point
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Y € S(Hy). Moreover, in [8, 9, 12] the explicit form for the gradient V¢ is calculated.
The gradient flow is

(24) H = —Vi(H)
H{H ,N}—{HT NT}H,

with H(0) = Hy the initial condition. Here we have used a generalisation of the
Lie-bracket {X, Y} := XTY —YTX = —{X V7.

To accomplish the task of computing the singular values of a matrix we require
N to satisfy the following.

CONDITION 5.1. Let N be an m X n matriz

0 e fin
O(m—n)xn
where 1 > po > ... > piy > 0 are strictly positive, distinct real numbers.
For generic initial conditions, and a target matrix N that satisfies Condition 5.1,
it is known that (24) converges exponentially fast to ¥ € S(Hy) [8, 12]. A recursive
version of this flow follows from an analogous argument to that used in the derivation

of the Lie-bracket algorithm. For Hy and N constant m X n matrices, the singular
value algorithm proposed is

(25) Hppr = e—ak{HkT,NT}erak{Hk,N}.

The singular value algorithm and the Lie-bracket algorithm are closely linked as
is shown in the following lemma.

LeMMA 5.1. Let Hy, N be m x n matrices. For any H € R™*" define a map
H—Hc RUPFRIX (A1) e

r o Omxm q

(26) H= ( i 0 ) .

For any sequence of real numbers oy, k = 1,..., 00 the iterations,
— o—ar{H] ,NT} ar{Hr N}

(27) Hypy1=ce Hye ,

with nitial condition Hy and

(28) ﬁk+1 = e_ak[ﬁk’ﬁ]ﬁkeak[ﬁk’ﬁ],
with witial condition fAIO are equivalent.

Proof. Consider the iterative solution to (28), and evaluate the multiplication in
the block form of (26). This gives two equivalent iterative solutions, one the transpose
of the other, both of which are equivalent to the iterative solution to (27). O

Remark 5.1. Note that Hy and N are symmetric (m + n) X (m + n) matrices,
and that as a result, the iteration (28) is just the Lie-bracket algorithm.

Remark 5.2. The equivalence given by this lemma is complete in every way. In
particular, Ho, is an equilibrium point of (27) if and only if He is an equilibrium
point of (28). Similarly, H; — He if and only if Hy — Heo as k — 0.

14



This leads us directly to consider step-size selection schemes for the singular value
algorithm induced by selection schemes which we have already considered for the Lie-
bracket algorithm. Indeed if ag : M(Ho) — Ry is a step-size selection scheme for

(4), on M(f[o), and Hjp € S(Hy), then we can define a time-step o for the singular
value algorithm by

(29) ap = aﬁ(ﬁk)

Thus, if (28) equipped with a step-size selection scheme a5, satisfies Condition 2.1
and (7), then from Lemma 5.1, (27) will satisfy similar conditions. For simplicity, we
will deal only with the step-size selection schemes induced by the constant step-size
selection (13) and the variable step-size selection (17). Thus we may state the main
convergence theorem for the singular value algorithm.

THEOREM 5.2. Let Ho, N be m X n matrices where m > n and N satisfies
Condition 5.1. Let ag; M(Hy) — Ry be either the constant step-size selection (13),
or the variable step-size selection (17). The singular value algorithm

T T
Hipw = e~ arxtiHy N }erak{HkyN}’

X = Ozﬁ(ﬁk),

with wmitial condition Hy, has the following properties:
i) The singular value algorithm is a self-equivalent (singular value preserving)
recursion on the manifold S(Hyp).
i) If Hy, is a solution of the singular value algorithm, then (Hy) = ||Hy — N||?
is strictly monotonically decreasing for every k € N where {Hp, N} # 0 and
{(HT, NT} #0.
ii1) Fized points of the recursive equation are characterised by matrices H €

S(Hy) such that
(30) {Hi, N} =0and {H] ,NT} =0.

Fized points of the recurston are exactly the stationary points of the singular
value gradient flow (24) and are termed equilibrium points.
iv) Let Hy, k = 1,2,..., be a solution to the singular value algorithm, then Hj
converges to a matriz Heo € S(Hy), an equilibrium point of the recursion.
v) All equilibrium points of the Lie-bracket algorithm are strictly unstable except
Y, given by (22), which is locally exponentially asymptotically stable.
Proof. To prove part i) note that the generalised Lie-bracket, {X,Y} = —{X,Y}T,
is skew symmetric, and thus (25) is an orthogonal conjugation and preserves the sin-
gular values of Hj. Also note that the potential ¢/(H}) = %1/)(?[;6) Moreover, Lemma

5.1 shows that the sequence ffk is a solution to the Lie-bracket algorithm and thus,
from Proposition 2.1, %1/)(Hk) must be monotonically decreasing for all ¥ € IN such
that [f[k, N] # 0, which is equivalent to (30). This proves part ii), and part iii) follows
by noting that if {H¥ N7} =0 and {H, N} =0, then Hyyy = Hy, for [ = 1,2,.. .,
and Hy, is a fixed point of (25), moreover, since ¢(Hy) is strictly monotonic decreas-
ing for all {Hy, N} # 0 and {HF N} # 0, then these points can be the only fixed
points. It is known that these are the only stationary points of (24) [8, 9, 12].

In order to prove iv) we need the following characterisation of equilibria of the
singular value algorithm.
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LEMMA 5.3. Let N satisfy Condition 5.1 and g be either the constant step-size
selection (13), or the variable step-size selection (17). The singular value algorithm
(25) equipped with time-steps oy = aﬁ(f]k), has ezactly 2"n!/ T (ni!) distinct
equilibrium points in S(Hy). Furthermore, these equilibrium points are characterised

by the matrices
( 7TT Onx(m—n) ) ESTF,

O(m—n)xn O(m—n)x(m—n)

where m is an n x n permutation matriz, and S = diag(+1,...,£1) a sign matriz.
Proof. Equilibrium points of (25) are characterised by the two conditions (30).
For H = (hy;), {H, N} = 0 is equivalent to

/ijhji_/iihij IO, for ¢ = 1,...77,, j: 1,...77,.
Similarly, the condition {H”, N7} = 0 is equivalent to

/J]'hij—/,tih]’i = 0, fori:l,...n,j:l,...n,
hijp; = 0 fori=n+1,...m, j=1,...n

By manipulating the relationships, and using the distinct, positive nature of the y;,
it is easily shown that h;; = 0 for ¢ # j. Using the fact that (25) is self equivalent,
the only possible matrices of this form which have the same singular values as Hy are
characterised as above. A simple counting argument shows that the number distinct
equilibrium points is 2"n!/[[i_,(n:!). O

The proof of part iv) is now directly analogous to the proof of part ¢) Proposition
2.1. Tt remains only to prove part v), which involves the stability analysis of the
equilibrium points characterised by (30). Tt is not possible to directly apply the
results obtained in Section 4 to the Lie-bracket recursion ffk, since the N does not
satisfy Condition 2.2. However, for the constant step-size selection scheme induced by
(13), and using analogous arguments to those used in Lemma 4.1 and 4.2, it follows
that X is the unique locally exponentially attractive equilibrium point of the singular
value algorithm. Thus, for the constant step-size selection scheme, X is the unique
exponentially attractive equilibrium point of the Lie-bracket algorithm on M (Hy),
and now the argument from Proposition 4.3 applies directly, and S is exponentially
attractive for the variable step-size selection scheme (17). This completes the proof.

a

Remark 5.3. The above theorem holds true for any time-steps ap = aﬁ(ﬁk)
induced by a step-size selection scheme, a5, which satisfies Condition 2.1, such that
Theorem 4.4 holds.

Remark 5.4. Tt 1s possible that for non-generic initial conditions, the singular
value algorithm may converge to a diagonal matrix, with the singular values ordered
in a different manner to X.. However, all simulations run have converged exponentially
fast to the unique matrix ¥, and thus it is likely that the attractive basins of the
unstable equilibrium points have zero measure. Note that for the continuous-time
flows it is known that the attractive basins of the unstable equilibrium points have
zero measure in S(Hy) [9].

6. Associated Orthogonal Algorithms. In the previous sections we have pro-
posed the Lie-bracket and the singular value algorithms which calculate the eigenval-
ues and singular values respectively of given initial conditions. Associated with these
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recursions are orthogonal recursions which compute the eigenvectors or singular vec-
tors of given initial conditions and provide a full spectral decomposition. To simplify
the subsequent analysis we impose a genericity condition on the initial condition Hg.

ConpiTioN 6.1. If Hy = HI € R* " is a real symmetric matriz then assume
that Ho has distinct eigenvalues Ay > ... > A,. If Hy € R™*", where m > n, then
assume that Ho has distinct singular values o1 > ... > o, > 0.

For a sequence of positive real numbers «ay, for k = 1,2,..., the associated or-
thogonal Lie-bracket algorithm is

(31) U1 = Upex 00 UGN 170 € O(n),

where Hy = HI € R"*" is symmetric. For an arbitrary initial condition Hy € R™*"
the associated orthogonal singular value algorithm is

(32) Vigr = Ve UCHIVENTY 0y e O(m)
Uk_|_1 = Uk@ak{VI;THDUk’N}, UO € O(TL)

Note that in each case the exponents of the exponential terms are skew symmetric
and thus, the recursions will remain orthogonal.

Let Hy = H € R"*” and consider the map g : M (Hy) — M(Hy), U — UL HoU,
which is a smooth surjection. If Uy, is a solution to (31) it follows that

g(Uk+1) = e_ak[g(Uk)yN]g(Uk)eak[g(Uk),N]

which generates the Lie-bracket algorithm (4). Thus, ¢ maps the associated orthogo-
nal Lie-bracket algorithm with initial condition Uy, to the Lie-bracket algorithm with
initial condition Ud HolUy, on M (UL HolUy) = M(Hy).

Remark 6.1. Consider the potential function ¢ : O(n) — Ry, ¢(U) = ||[UT HoU —
N||? on the set of orthogonal n x n matrices. Using the standard induced Riemannian
metric from R"*™ on O(n), the associated orthogonal gradient flow is [2, 3, 5, 9]

U=-Ve¢(U)=UUTHU,N].

THEOREM 6.1. Let Hy = HI be a real symmetric n x n matriz that satisfies
Condition 6.1. Let N € R"*" satisfy Condition 2.2, and let oy be either the constant
step-size selection (13) or the variable step-size selection (17). The recursion

Uk_|_1 = Ukeak[U’?HDUk’N], UOEO(n),
X = OzN(Hk)

referred to as the associated orthogonal Lie-bracket algorithm, has the following prop-
erties:

i) A solution Uy, k= 1,2,..., to the associated orthogonal Lie-bracket algorithm
remains orthogonal.

i) Let ¢(U) = ||[UTHoU — N||? be a map from O(n) to the set of non-negative
reals Ry. Let Uy, k =1,2,..., be a solution to the associated orthogonal Lie-
bracket algorithm. Then ¢(Uy) is strictly monotonically decreasing for every
k € N where [UL HyUy, N] # 0.

ii1) Fived points of the algorithm are characterised by matrices U € O(n) such
that

[UT HoU,N]=0.

There are exactly 2"n! distinct fized points.
17



iv) Let Uy, k = 1,2,..., be a solution to the associated orthogonal Lie-bracket
algorithm, then Uy converges to an orthogonal matriz Uy, a fized point of
the algorithm.

v) All fized points of the associated orthogonal Lie-bracket algorithm are strictly
unstable, except those 2" points U, € O(n) such that

Urmau, = A,

where A = diag(A1, ..., An). Such points U, are locally exponentially asymp-
totically stable and Hy = U, AUT is an eigenspace decomposition of Hy.
Proof. Part i) follows directly from the orthogonal nature of exU HoUk,NT | Note
that in part ii) the definition of ¢ can be expressed in terms of the map g(U) = UT HoU
from O(n) to M(Hy) and the Lie-bracket potential ¥/(H) = ||H — N||* of (1), i.e.

o(Ur) = ¥(9(Uk)).

Observe that g(U) = UL HolUy, and thus, g(Uy) is the solution of the Lie-bracket
algorithm with initial condition UOTHOUO. As the step-size selection scheme apy 1s
either (13) or (17), then ¢(Uy) satisfies (7). This ensures that part ii) holds.

If Uy 1s a fixed point of the associated orthogonal Lie-bracket algorithm with initial
condition U HoUp, then g(Up) is a fixed point of the Lie-bracket algorithm. Thus,
from Proposition 2.1, [¢(Uy), N] = [UL HoUy, N] = 0. Moreover, if [Ul HoUy,, N] = 0
for some given k € N, then by inspection Uy = Uy for I =1,2,..., and Uy 1s a fixed
point of the associated orthogonal Lie-bracket algorithm. From Lemma 2.2 it follows
that if U is a fixed point of the algorithm then UT HyU = 77 Ax for some permutation
matrix 7. By inspection any orthogonal matrix W = SUx”, where S is a sign matrix
S = diag(£1,...,+£1), is also a fixed point of the recursion, and indeed, any two fixed
points are related in this manner. A simple counting argument shows that there are
exactly 2"n! distinct matrices of this form.

To prove iv), note that since g(Uy) is a solution to the Lie-bracket algorithm, it
converges to a limit point He, € M(Hy), [Heo, N] = 0 (Proposition 2.1). Thus Uy
must converge to the preimage set of H,, via the map g. Condition 6.1 ensures that
set generated by the preimage of H,, is a finite distinct set, any two elements UL
and U2 of which, are related by UL = U2 S, S = diag(#£1,...,£1). Convergence
to a particular element of this preimage follows since ozk[UkTHon,N] — 0 as in
Proposition 2.1.

To prove part v), observe that the dimension of O(n) is the same as the dimension
of M(Hy), due to the genericity Condition 6.1. Thus g is locally a diffecomorphism
on O(n), which forms an exact equivalence between the Lie-bracket algorithm and
the associated orthogonal Lie-bracket algorithm. Restricting g to a local region the
stability structure of equilibria are preserved under the map ¢g~—'. Thus, all fixed
points of the associated orthogonal Lie-bracket algorithm are locally unstable except
those that map via g to the unique locally asymptotically stable equilibrium of the Lie-
bracket recursion. Observe that due to the monotonicity of ¢(Uj) a locally unstable
equilibrium 1s also globally unstable. 0O

THEOREM 6.2. Let Hy € R™*" where m > n satisfies Condition 6.1. Let
N € R™*" satisfy Condition 5.1. Let the time-step ay be given by

ap = aﬁ(f]),
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where og 18 either the constant step-size selection (13), or the variable step-size se-

lection scheme (17), on M(ffo). The recursion

Vigr = Vkeak{U’?H‘JTVk’NT}, Vo € O(m)

Ury1 = Ukeak{vaH”Uk’N}, Uy € O(n),

referred to as the associated orthogonal singular value algorithm, has the following
properties:
i) Let (Vi,Ur) be a solution to the associated orthogonal singular value algo-
rithm, then both Vi and Uy remain orthogonal.
i) Let o(V,U) = ||[VT HoU — N||? be a map from O(m) x O(n) to the set of non-
negative reals Ry, then ¢(Vi, Uy) is strictly monotonically decreasing for every
k € N where {VIHoUg, N} # 0 and {UF HY Vi, NT} # 0. Moreover, fived
points of the algorithm are characterised by matriz pairs (V,U) € O(m)xO(n)
such that

(VITHU, N} =0and {UTHIV,NT} = 0.

iit) Let (Vi,Ur), k = 1,2,..., be a solution to the associated orthogonal singu-
lar value algorithm, then (Vi, Uy) converges to a pair of orthogonal matrices
(Voo Uso), a fized point of the algorithm.

iv) All fired points of the associated orthogonal singular value algorithm are
strictly unstable, except those points (Vi,U.) € O(m) x O(n) such that

VIHU, =X,

where X = diag(oy,...,0,) € R™*". Each such point (Vi,U.) is locally
exponentially asymptotically stable and Hy = V.,V XU, is a singular value de-
composition of Hy.

Proof. Analogous to the proof of Theorem 6.1. 0O

7. Computational Considerations. There are several issues involved in the
implementation of the Lie-bracket algorithm as a numerical tool which have not been
dealt with in the body of this paper. Design and implementation of efficient code
has not been considered and would depend heavily on the nature of the hardware on
which such a recursion would be run. As each iteration requires the calculation of
a time-step, an exponential and a k 4+ 1 estimate it is likely that it would be best
to consider applications in parallel processing environments. Certainly in a standard
computational environment the exponential calculation would limit the possible areas
of useful application of the algorithms proposed.

It is also possible to consider approximations of the Lie-bracket algorithm which
have good computational properties. For example, consider a (1,1) Padé approxima-
tion to the matrix exponential

eozk[Hk,N] ~ 21—1— Olk[Hk,N]
21 — Ozk[Hk,N].

Such an approach has the advantage that, as [Hy, N] is skew symmetric, the Padé
approximation will be orthogonal, and will preserve the isospectral nature of the
Lie-bracket algorithm. Similarly an (n,n) Padé approximation of the exponential
for any n will also be orthogonal. There are difficulties involved in obtaining direct
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step-size selection schemes based on the Padé approximate Lie-bracket algorithms.
To guarantee that the potential ¢ is monotonic decreasing for such schemes; direct
estimates of time-step must be chosen prohibitively small. A good heuristic choice
of step-size selection scheme, however, can be made based on the selection schemes
given in this paper, and simulations indicate that such an approach is viable.
Another approach is to take just the linear term from the Taylors expansion of

Hk-l—l(ak)a
Hypq1 = Hy, + ag[Hy, [Hy, NJ,

as an algorithm on R"*™. An algorithm such as this is similar in form to approx-
imating the curves generated by the Lie-bracket algorithm by straight lines. The
approximation will not retain the isospectral nature of the Lie-bracket recursion, how-
ever, it is computationally cheap. Furthermore, when the curvature of the manifold
M (Hy) is small then it can be imagined that the linear algorithm would be a good
approximation to the Lie-bracket algorithm.

8. Conclusion. In this paper we have proposed two algorithms which, along
with their associated orthogonal algorithms, calculate respectively, the eigenvalue de-
composition of a symmetric matrix and the singular value decomposition of a general
matrix. Moreover, we have presented two suitable step-size selection schemes which
ensure that, for generic initial conditions, the algorithms proposed will converge ex-
ponentially fast to an asymptotically attractive fixed point.

In future work we are hoping to improve the theoretical understanding of the step-
size selection schemes necessary for the Lie-bracket algorithm as well as investigating
a number of related applications of the double-bracket flow and its discretisation.
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9. Appendix. The following discussion is a proof of Proposition 4.3.

Proof. By Lemma 4.1, A is the unique locally asymptotically stable equilibrium
point, and it remains to show that A is exponentially attractive. Note that direct
linearisation techniques do not apply as the recursion will not necessarily be differ-
entiable at the equilibrium A. To proceed we set ¢ = 1/(4||Ho|| - ||V]]), the constant
time-step, and show that the Lie-bracket algorithm converges faster using the variable
step-size selection scheme than it does with the constant time-step ¢. The proof is
divided into a number of lemmas.

LEMMA 9.1. Let 0 < B < min(l,¢), where ¢ = 1/(4||Ho|| - ||N]]). Then there
exists a real number &1 such that for Hy € M(Hy) and ||[Hy, N1|| < 61, then

(33) 0> A (Hy, #) > =36||[Hx, N]|I*.

Proof. Consider the error term 72tr(NR2(7)), defined in Lemma 3.1 and recall
the estimation argument for Lemma 3.3. Employing a similar argument for 7 = ¢
gives

B (N R ()] < |[Hol - IV - (268N 1 — 2] {17, N]T)

Thus, combining this with (9) it follows that

N B) > =28)|[He, NI = 28 tr(NRo(5))]
> =28||[Hs, NI = 20| Hol - | V]
(34) (e2one NI — 1 — 25 (11, V)

It 1s well known that

2e¥ —1—y) ~y* fory — 0t

where ‘~’ indicates that two functions are asymptotically equal. This is equivalent to

saying that for any € > 0, there exists §(¢) > 0, such that for all y, where §(¢) > y > 0,
then 1—¢ < w < 1+e. Thus, choosing € = 1/4, it follows that for §() >y > 0
then 2(e¥ — 1 — y) < 2y*. Recall that we are restricting 8 < 1, and thus, there exists
some real number & > 0 such that if ||[[H, N]|| < &, then 28||[Hy, N]|| < 8(2),
and hence 2(e?PHNI 1 — 28||[Hy, N]||) < 45°||[Hx, N]||?. Substituting this into
equation (34) gives

(35) A(Hy, 8) > =28||[Hy, N]|I* = 4687 |[Hol| - [IN ] [|[Hr, N|I*.
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By additionally requiring that 8 < ¢ = 1/(4||Ho|| - ||V]|) the lemma is proved. O

LEMMA 9.2. Let o}y be the step-size selection scheme given by Lemma 3.4, and
let v € Ry, such that af(Hy) > v > 0 for all [Hy, N] # 0. Define 7 := min{~, c}
and choose § € Ry such that

. 2, _ _
<8 <min{1e, 372l V117

Then there exists a real number 83 > 0 such that for any Hy € M (Hy) with ||[Hy, N1|| <
b2

(36) = 3PI[Hx, NI > A (Hy, o).

Proof. Recall that o} was chosen as the first critical point of the function
AYF (Hy, 7). Thus Ayl (Hyg,7) is monotonic decreasing on the interval (0,«}).
The lower bound ¥ < v, for «f, must be less than «f, and thus A¢f(Hy,7) >
AWl (Hy, o). Substituting ¥ into the definition of Ayy; gives

DY (He,y) = —27][He, NI +
[[Holl - 1IN, [He, N ¢ ot vl 4 om
GTR G 1= 23|, N[1)

IN

—23]|[H, N]||” +
2| ol |V (27NN — 1 — o3 (17, V)

As shown in Lemma 9.1, there exists 83 > 0, such that for any Hy € M(Hy), where
[|[Hy, N]|| < 62, then 2 (e2MHNIT 1 — 2+||[H}, N]|[) < 492||[Hk, N]||*. Using this
with the above inequality gives

A (Hi,7) < 20 Hx, NP @I Holl- |1V = 7).

Note that since 7 < ¢ then the right hand side of the last inequality is strictly negative.
Now as

2, —
0<p<3 (7 — 2/l Holl - [IN17*)

then —38||[Hg, N]||* > 2||[Hg, N1||* (2||Ho|| - ||N|[7* — 7) and the result follows. O
The proof of Proposition 4.3 now follows by choosing

1
(37) B3 =ming ¢
5 (7 =2/ Holl - [IN]17%)

where ¥ = min(y, ¢). Thus, from Lemma 9.1 and Lemma 9.2, choose é; and é2 such
that the results hold and set 6 = % min {81,é2}. Hence, combining the inequalities
(33) and (36), gives

(38) A1/)(Hk, OzZ) < Al/)(Hk,ﬁ) < 0.

for all Hy € M (Hy), with ||[Hg, N]|| < 6.
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Let Ds be some open set around A such that ||[Hy, N]|| < 6. Note that g < ¢,
and thus from Lemma 4.2, the Lie-bracket algorithm equipped with a?\, = 3 as a
step-size selection scheme is exponentially stable. Finally, note that within Ds, and
due to (38), Y(Hy11(})) will always decrease faster than ¢(Hyy1(8)), regardless of
Hy. Since A is exponentially attractive for the Lie-bracket algorithm equipped with
the selection scheme a?\,, it follows that A must also be exponentially attractive for
the same recursion equipped with the selection scheme of. O
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