Chapter 1

Intr oduction

The goal of this introductionis to give a quick light presentatiorof the mainideas
developedin thisbook. Thuswefocusonlayingoutthestructureor abasicnonlinear
control problemwhich hasthe remarkablyjargory name,the “two block problem”.
This is a nicelevel of generalityfor anintroduction,becausét containsmostof the
ideasbehindthe more generalfour block problem(which is treatedin detailin the
book),theformulasaresimpler andthelineartwo block problemcorrespondso the

paradigmproblemof classicalcontrol. This paradigmproblemis often called the

“mixedsensitvity problem”,andChapte is devotedto its solution.We turnnow to

our overview of thetheorywhich is the subjectof this book. We postponehistorical
discussiorandmotivationto 1.11.Linearsystemsarediscussein 1.2,1.3.6.

1.1 The Standard Problem of Nonlinear Control

Now we introducea specialcaseof the standad problemof control. It entails
a descriptionof the plantandcontrollermodels,andde nitions of the controlobjec-
tives. Thisis motivatedin 1.8andactuallydonecarefullyin Chapted. The standard
controlproblemcorrespondso the Figurel.1,which we now explain.

Figurel.1: The Closed-Looystem
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1.1.1 ThePlant

Let'sconsidemonlinearplants  with atwo block structure

(1.1)

Here, denoteghe stateof the systemandis notin generaldirectly mea-
surable;insteadan output is obsered. The additionaloutput quantity

is a performancaneasuredependingon the particularproblemat hand.
Thecontrolinputis , while is regardedasan opposingdistur
banceinput. Detailedassumptiongoncerningthe functionsappearingn (1.1) will
begivenin Chapter2, hovever we mentionherethatthe origin is anequilibriumand
thetwo block structurerequires

(2.5)

(More generally in the four block casethe coefcient of in thethird equationof
(1.1)is amatrix whichwill satisfyacondition(2.3)givenin Chapter2.)

1.1.2 The Classof Controllers

Theplant wasdescribedoy an explicit statespacemodelandis assumedjiven.

However, in the spirit of optimal control theory we do not prescribea statespace
modelfor thecontroller , sinceit is anunknavn to be determinedrom the control

objectves. Rathey we simply stipulatesomebasicinput-outputpropertiesrequired
of ary admissiblecontmwller, namelythatthe controllermustbe a causalfunction of

the output

andtheresultingclosedoop systembewell-de nedin thesensdhattrajectoriesand
signalsexist andare unique. The controller  will be saidto be null-initialized if
, regardlesof whetheror not a statespaceealizationof  is given.

1.1.3 Control Objectives

The control problemis commonlythoughtof ashaving two objectves: nd a
controller suchthattheclosedloop system is

() dissipatve,and

(i) stable.
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In 1.2wede ne whatis meantby thesetermsin the caseof linearsystemsWe nowv
describeheirmeaninggor nonlinearsystemsthis givesanextensionof control
to nonlinearsystems.

Theclosedoopsystem is -dissipativef thereexist andafunction
, suchthat
(1.2)
for all andall
Thisde nition is sayingthatthe nonlineaninput-outputmap de ned

by theclosedoopsystenmhas nite  gainwith abiastermdueto theinitial state
of theplant

While dissipationcaptureghenotionof performancef a controlsystemanother
issuewith controlis stability of thesystem.Theclosedoop systenmwill becalled
weaklyinternally stableprovided thatif  is initialized atary , thenif

, all signals in theloopsaswell as convergeto as
. By internal stability we meanthatthe closedoopis weaklyinternally stableand
in additionif the controllerhasa statespacerealizationthenthe controllerstatewill
corvergeto anequilibriumas

Dissipationandstability arecloselyrelated;see e.g. [Wil72], [HM76], [HM77],
[vdS9§. Indeed,dissipatve systemswhich enjoy a detectabilityor obserability

propertyalsoenjoy a stability property In our context, supposehe system is

-detectablethatis, and imply and

as . By -observableve meanthatif : , then f
is -dissipativeand -detectablethen is weaklyinternally stable(see

Theoem?2.1.3).

1.1.4 A ClassicExample

Figurel.2: Mixed Sensitvity Setup

The bookis written for readerswvith mary differentinterestssoit is worth em-
phasizingfor thereademwith a classicakontrolbentthatthe problem

Theterm“nonlinear control” hasno precisemathematicaineaningbut it hascomeinto com-
mon usein the control engineeringcommunityandrefersto nonlineargeneralizationsf control
(which hasprecisemeaningor linearsystems).
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Givenplant , nd acontroller achiezing a given performance
speci cation(seeFigurel.2).

is of the type we just introduced. In linear control the designerselectscertain
weightsandoptimizesaworstcasefrequenyg domainperformanceThisis calledthe
mixedsensitivityproblemof control; seeChapter9. If the weightsare chosen
correctlyfor amixedsensitvity problemthenonegetsthestandardwo blockproblem
of controlwhich we just presented Choiceof weightsis a seriousbusinessn
practice,and someseriousinvestigationof how this shouldbe donefor nonlinear
systemssinitsinfang. In 1.8andChapte we describesomebasicconsiderations
in selectingweights.

1.2 The Solution for Linear Systems

The problemis well understoodvhenthe systemsarelinear. Theplantis linear
provided

where

are matricesof appropriatedimension. We recall herethe well-knowvn solutionto
the control problemfor thetwo block linear systemssee[DGKF89], [PAJ91],
[GL95], etc.(thesereferenceslsocontainthe“standardassumptions”).

1.2.1 ProblemFormulation

The classof admissiblecontrollers arethosewith nite dimensionalinear state
spaceealizations

Given , the controlproblemfor isto nd, if possibleacompensator
suchthattheresultingclosedioop system satis es:

(i) Dissipation: Therequireddissipationpropertyis expressedn the frequenyg do-
mainin termsof the norm of the closedloop transferfunction
asfollows:

(i) Stability: We requirethatthe closedloop system

is internally stable
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Somediscussiorof the classicatransferfunction(classicaloop shaping)picturesvs
the statespacepictureof controlis foundin 1.8.

1.2.2 Background on Riccati Equations

Recalla few factsaboutRiccatiequationsAn algebraicRiccatiequation
(1.3)

with realmatrix entries and selfadjoint,meetingsuitablepositivity and
technicalconditions(see.e.qg.,[ZDG96, Chapterl3]), hasupperandlower solutions
sothatary otherselfadjointsolution lies betweerthem

Thebottomsolutionis calledthe stabilizingsolutionbecausét hasandis character
izedby the property
(1.4)

is asymptoticallystable.Likewise s antistabilizingin that
(1.5)

is asymptoticallystable.

1.2.3 Standard Assumptions

Therearea numberof “standardassumptionsthatare neededor the necessityand
sufciency theoremsabout control. Thesecanbe expressedn variouswaysand
herewe follow [PAJ91].

The rst conditionwe have alreadyseenyiz. therankcondition(2.5). The
rankconditionensureshatthecostterm is strictly positive de nite in thecontrol
(while themoregeneralt-blockcondition(2.3), Chapter2, relateso the solvability
for given in theoutputequation ).

Next aretwo importanttechnicalconditionswhich take the form
rank for all (1.6)

and

rank for all a.7)

The condition (1.6) can be replacedby a stronger  statefeedbackassumption
(Chapters), while (1.7)canbereplacedy astronger  Itering assumptiofChap-
ter 11). Thesetwo conditionsare commonlyusedin control and ltering, and
concerrthe controllabilityandobserability of underlyingsystems.
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1.2.4 Problem Solution

Thenecessarandsufcient conditionsfor sohability of the problemunderthe
standardassumptionare:

Condition1: Statefeedbak Contiol. Thereexists solvingthe control-type
Riccatiequation

(1.8)

whichis stabilizing,i.e.,

is asymptoticallystable

(1.9)

Condition2: StateEstimation Thereexists solvingthe lter -type Riccati
equation

(1.10)

whichis stabilizing,i.e.,

is asymptoticallystable (2.11)

Condition3: Coupling Thematrix hasspectraradiusstrictly lessthan .

THEOREM 1.2.1 ([IDGKF89]) (IDGKF89], [PAJ91],[GL95]) The control prob-
lemfor , meetingcertain technical conditionsis solvableif and only if the above
three conditionsare satis ed. If theseconditionsare met,one contwller, called the
central contmller, is givenby

(1.12)

Wesometimesefer  asthe"DGKF” central contoller, afterits discoverers). Doyle,
K. Glover, P. KargonekarandB. Francis [DGKF89].
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1.2.5 The Linear Solutionfrom a Nonlinear Viewpoint

Of coursethe solutionto the nonlinearcontrol problemwhich we presentin this
bookwhenspecializedo linear systemssolvesthe linear controlproblem. The
solutionlooks a bit differentfrom the classicalonewe just saw. Thelinearsolution
hasbeenput in coordinatesvhich make degeneratecasesappearun-pathological.
However, it is not easyto changecoordinatesn nonlinearsolutions,sowhatwe get
is forceduponus. Let us seewhatthe linear specializatiorof the nonlinearsolution
lookslike.

If , andhencenvertible,thecouplingconditionis equialentto

This foreshadws the nonlineartheoryin thatit focusse®ntheinverseof . More-

over, we shallseethatonedoesnotactuallyneedthe stabilizingpropertieoof  and
; positive de nite inequalitieswill do. Indeedif we take the main resultsof this

bookgivenin Chapter, 4.10,andspecializ¢hemto thelinearcasewe get:

THEOREM 1.2.2 A solutionto thelinear contol problemexists(andthere are
formulasfor producingit) if there existssolutions and to the DGKF
Riccatiequationswvhich satisfystrict coupling

(1.13)
Corversely if a solutionto thelinear contol problemexiststhe stabilizingsolu-
tions and totheRiccatiequationsare nonngativede nite and if , we
have

(1.14)

Notethatthelower boundingproperties
and

of imply

So the DGKF Theorem1.2.1 hasfor simplicity presentedhe extreme caseof the
possiblesolutions.

As we soonseethis funny way of writing the couplingconditionis exactly
theway it presentstself for generahonlinearsystemsAlso we have only discussed
. Actually, for thetheoryto hold neednot be invertible. This may sound
like a ne pointbutarankoneortwo containsmuchlessinformationthana rank
seventeen , andsucheconomie®f informationtranslatento majorcomputational
savingsin thenonlinearcase.Thusin the bookwe give considerablattentionto the
“singularcases”thatis where is “not nite”.
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1.3 The Idea of the Nonlinear Solution

This sectionis theheartof theintroductoryoutlineof thebook,andcontainsadiscus-
sion of the mainideasof the solutionto the nonlinear control problemde ned
above.

State feedback control. The natureof the information available to the controller
hasa very signi cant bearingon the compleity of the problem,andof the resulting
controller Accordingly we begin with an easierproblemin which the controlleris
allowed to readthe stateof the plant. This simplerproblemis knowvn asthe state
feedback control problem (essentiallyone with full information),andis well-
understoodn theliterature.

Estimation - the information state. Next we turn to the generaloutputfeedback
problem. Herethe stateis not knowvn perfectly and so we mustestimateit. This
estimatioris donewith somethingcalledtheinformationstate afunctiononthestate
spaceof theplant whichsatis esa PDE. Thustheinformationstateis producedy
anin nite dimensionatontrolleddynamicalsystem Much of thisbookis concerned
with propertiesof this dynamicalsystemandhow it canbe usedto solve the
controlproblem.

Coupling - information state feedback. Using the information state, the output
feedbackproblemis corvertedto statefeedbackproblemfor a new system.This new

systermusegheinformationstateasits statevariable,andthesolutionof thenew state
feedbaclkproblemleadsto the solutionof the outputfeedback  control problem.
Thisis a couplingof controlandestimation.

Thisindicateshelayoutof theremaindeiof theIntroduction.

1.3.1 The State FeedbackControl Problem

The statefeedback  hasbeenextensiely studiedin theliteratureandis well un-
derstoodsee[vdS9q andthereferencesontainedherein.

1.3.1.1 Problem Statement

A block diagramillustrating the statefeedback problemis givenin Figure1.3.
The statespacemodelfor the plantis

(1.15)

Thecontrollercanreadmeasurementsf the plantstate , sothat
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(For simplicity we only considerstaticstatefeedbackcontrollers. Alternatively, one
could work with full information controllers,where is a causalfunction of the
disturbanceandthis would yield the sameoptimalcontroller underappropriateeg-
ularity assumptions.)

]

Figurel.3: The StateFeedbaclClosed-LoopSystem

The statefeedback  controlproblemis to nd acontroller which
is dissipatvein thesenseof 1.1andstablein thesensdhatthevector eld

is asymptoticallystable

1.3.1.2 Problem Solution

The solutionis determinedby the state feedbak Hamilton-Aacobi-Bellman-lsaacs
PDE (HJBI PDE)

(1.16)

If onecan nd a strictly positive propersmoothsolution ( if :
) whichmalkesthevector eld

asymptoticallystable

thenasolutionto the statefeedbackproblemis:

1.3.1.3 The StateFFeedbackCentral Controller

Usingthis controller the closedioop system becomes
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andintegrationof the PDE(1.16)yieldsthedissipatiorninequality

Thedesireddissipationproperty(1.2) follows from this on setting since
. Also, stability of thevector eld follows (seee.g.,[vdS9q).

It is importantto notefor practicalreasonghatthe designercansolve for  off
line (i.e. notin realtime). Thisrequireshe solutionof aPDEIn -dimensions.

ExAMPLE 1.3.1 For linear systemgcf. 1.2), the statefeedbackHJBI PDE hasa
guadraticsolution

if it hasary solutionatall. Onecansubstitute , into the HJI, which
weillustratewhen , andget

i.e. -
which is the DGKF statematrix Riccati equation . Take to

be the stabilizingsolutionof this Riccati equationto getthe optlmal statefeedback
controller

REMARK 1.3.2 Actuallyto solvethestatefeedback  problemit is enougho nd

a function : satisfyingthe HIBI PDE (1.16) plus a detectabil-

ity assumption.For example,if the closedloop system is detectabléhere
is determinedoy the solution

), thenone canobtain stability of from the dissipation

inequalityanalogouslyto whatis donein Theoren2.1.3. This approachwill beused
frequentlyin the sequel. Note, however, thatit is in generaldif cult to checkde-
tectability; however, thegenericsystemis detectabléwhich of coursedoesnotimply
thatasystenderivedfrom somegenericoptimizationprocesss detectable)Another
additionto solutionsof the HIBI which producesolutionsto the statefeedbackcon-
trol problemis the classof strict positve  with solving the strict HIBI
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inequality

1.3.2 Thelnformation State

We returnto the outputfeedbackproblem. To solwe it, we useaninformationstate.
This corvertsthe outputfeedbackproblemto a new statefeedbackproblemwith a

new state hamelytheinformationstate(this methodologyis anold onefrom stochas-
tic optimal control). We now give de nitions which leaddirectly to the construction
of thecontrollerdynamics.

1.3.2.1 Reversing Arr ows

We startby de ning the reversearrow system It is a new system which, in two
block casejs obtainedrom by reversingthe and arronvs. While thede nition
is algebraicpictureshelpalot, seeFiguresl.4(a) and(b).

Thereversearrow systenis de ned by

(1.17)

with de ned by

Notethat and have thesamestatespace.Clearlythisis derived by substituting
intothe dynamicsto produce

whichis the sameasthedynamicsde ned above in (1.17)for
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(a) TheOriginal System .

(b) TheReverseArrow System .

Figurel.4: Reversingarrows.



1.3The Idea of the Nonlinear Solution 13

1.3.2.2 De nition

Giventime , pastmeasurement andpastcontrolsignal
introducea function onthestates of theplant by
initial stateenegy output  input
given over andgiven
(1.18)
Here followsthestatetrajectoryfrom to of thereversearronv system(1.17)with
nal state . Thisis thetricky part. Given tode ne we mustrunthe
systembackwardsfor time units,usingthegiven , . We seehov muchenegy

wasconsumedby thesystemandwhatstate thetrajectoryhits, with enegy
. Then

the sumof two costterms. This functionis calledthe informationstatefor the
control problemand plays the role of a “suf cient statistic”, [JBE94, [JB9Y. In
[BB89], this functionis calledthe “cost to come”. For to be de ned
everywherewe mustassumehat for each the differential equation
(1.1) hastrajectorieswhoseend points at time  sweepout the whole statespace
providedtheendpointattime do. (SeeTheorenB.1.8.)Figurel.5illustratessome
of thecommonshape®f informationstatesgenerallythey areboundedabore, point
downwards,andmaytake thevalue

If theinformationstate is smooththenit satis estheinformationstatePDE

(1.19)
which is readily obtainedby differentiating(1.18) Oftenwe write this differential
equatiorevenwhen is notsmooth put oneshouldinterpretit astheintegralequation
(1.18) or perhapsn theviscositysensgseeAppendixB). We canthink of the PDE
(1.19)asdescribinganin nite dimensionaldynamicalsystemwhich canbe written
in shorthandorm

This systemhasa “state” belongingto anin nite dimensionafunctionspaceand
it is driven by inputsignals and . Thesolutionof the problemdependson
propertief this system.Somereference#nclude[JB95],[BB89], [DBB93].
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1.3.3 The Central Controller

We now give ahighlevel formulafor thestructureanddynamicsof acontrollerwhich
(asthe book unfolds)turnsout to be a good candidatefor the solution of the
problem.

State Spaceis aspace of functions onthestatespace of theplant

Dynamicsarethe PDE

Output s function

de ned (onasubsebf) theinformationstatespace

We call thistheinformationstatecontoller, illustratedin Figurel.6.

Figurel.6: InformationStateController

In 1.3.5we shaw howv is constructed. Ultimately we shall focus on particular
informationstatecontrollercalledthecentralcontroller;it is obtainedoy optimization
(vielding ) andsuitableinitialization.

An importantpointis thatfor this controllerto beimplementablenemustsolve
theinformationstatePDE online ThisisaPDEin -dimensions.

1.3.4 Equilibrium Information States

Our de nition of the controllerdynamicsis not completebecausén orderto de ne

its dynamicswe mustspecifyaninitial informationstate . As we shallseecareful
choiceof thisinitial state makesa big differencein the implementabilityof the

controllerand strongly affects the dynamicalbehaior. Thuswe devote substantial
effort andsereralsubsectionso thequestion:which initial state doweuse?

An obviousrequiremenof  stemmingromthenull initializing property
is

forall when solwes initialized at
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However a strongethighly desirableconditionis

and

Thatis, is saidto beanequilibriumsolution to theinformationstatePDE. This
is the correctinitialization of the centralcontroller: . (Below we discuss
convergenceof to —stability)

As we shall seethe equilibriafor two block informationstateshave a surprising
form. It is surprisingenoughthatwe hadbetterretreato anexamplebeforedescribing
it; thisis donein 1.3.6.In the meantimewe considerthe problemof choosingthe
controlleroutputfunction

1.3.5 Finding and Validating the Controller

We give now somedetailson the constructionof the function which is a key
componenbf theinformationstateandcentralcontrollers.This is choseroptimally
asfollows (sothatwe will take ): solve anin nite dimensionaktatefeedback
controlproblem.The HIBI PDEfor this problemis

in (1.20)

Here, is interpretecasa Frechederivative (moregenerainterpretationsre
discusseih Chaptergl and10). Oneattemptgo solve this PDEfor asmoothfunction

de nedonadomain , asubsebf thestatespaceandsatisfyingauxiliary
conditionssuchas ,and for some . The
function is calledthe valuefunctionfor the control problem,andcanbe
regardedas an analogof the statefeedbackvalue function (see 1.3) for the
informationstatesystem.The informationstatefeedbackunction is obtained

by

Necessarandsufcient conditionsfor the solvability of the controlproblem
canbe expressedn termsof the function andthe PDE (1.20) Thefollowing
“metatheorem’stateghe mainideawithout the clutterof technicaldetails:
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ResuLT 1.3.3 If there exists somecontoller which solvesthe

problem,thenthere existsa function solvingthe PDE
(1.20) (in somesenseks well as auxiliary technical conditions.
If the function is smooth,thenthe central contoller
obtainedfrom solvesthe problem. Key to this is the
“coupling condition”ensuringthat the contmwller is well-de ned
for all timeandalongtrajectoriesof theclosed-loopsystem,

(1.21)
whee . Corversely if onecansolvethe PDE (1.20)
for a smoothfunction satisfyingsomeauxiliary technical

conditions,thenthe central contmoller obtainedfrom
solveghe problem.

The majorobjective of this bookis to presenintuition andtheoryfor resultsof this
type.

1.3.5.1 Construction of the Central Controller
Now we summarizehe procedurdor building the centralcontroller:

(i) Obtaina function and solving the PDE (1.20) andthe coupling
(1.21)

(i) Compute andcheck
(i) Use astheoutputtermof the centralcontroller

(iv) TheinformationstatePDE (1.19)initialized at givesthe dynamicsof
thecontroller

1.3.5.2 Validating the Controller

We review the contet in which we sit. Let and begiven. These
determinesignals , and andtrajectories , from the dynamicsof
the closedloop with , . Theideabehindcon rming

dissipatvity of theclosedoop systemis:

() Integratethe PDE(1.20)alongthetrajectory
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Thenusethe property
(1.22)
andthede nition of theinformationstateto obtain
where is the solutionof (1.17)with . Now if is inputto the
plant with initial state we obtainsignals andstate
in closed-loopandsoif we set we have andso
whichis thedissipationinequality(1.2) with
(i) If is nonsingularand if is detectablethen solves the

controlproblem.If s singular thenwith extrawork andstrongerconditions
it is possibleto prove that solvesthe controlproblem.SeeChaptei.

(iii) The stability resultsdiscussedn 1.5 belav for the informationstatesystem
areusedto deducethe asymptoticbehaior of the informationstatein closed
loop (Chapterd).

1.3.5.3 StorageFunctions

Associatedwith a dissipatve systemare functions on its statespacecalled
storage functions Of coursewe areinterestedn the closedloop system
andastoragdunction for it isde nedto benon-ngative andsatisfythe“dissipation
inequality”:

- - (1.23)
for all andall . It is fairly remarkablethat thereis a storage
function for the closedloop system which hasa very simpleand

explicit formula:

It is interestingto note that the contentof (1.23) is the sameasthat of (1.22) as
can be veri ed by addingminusthe information stateequationwhich  satis es
to (1.21) Also compare(1.23) with the dissipationinequality (1.2) of 1.1 (note

). This storagefunctiongivesa handytool for validating
that is -dissipatve provided is nite.
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1.3.6 Example: Linear Systems
1.3.6.1 for linear systems

Theinformationstatefor linear systemsarequadraticandwill be describedmmedi-
atelybelow. For nov we discusgheformof . Onehas

Thus

(i) Theintegratedform of (1.20)

is equivalentto being nite, and  beingpositive semide nite.
(i) Theequilibriuminformationstateis - where solvesthe
DGKF  equation. nite is equvalentto the matrix

beingnegative semide nite. If  is suboptimalthenthis is negative de nite
since,smallperturbation®f thiswill benegative.

Thuswe have thatthe DGKF conditionsl, 2 and3 (exceptfor thestrictnesspf 1.2.4

areimplied by the existenceof ( nite) andtheexistenceof  solving(1.20)and
(1.21) Thecorverseis trueandcanbe checledwith alittle effort.

1.3.6.2 The Information State

For linear systems,one can checkthat if is invertible, then solutionsto the
informationstateequatiorhave theform

wheneer hasthisform, where

Now we comparethis to the dynamicsof the DGKF centralcontroller(1.12)to the
linear problem.The equationis exactly (1.12)if we take equalto ,the
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stabilizing solutionto the DGKF  equation(1.10) The above Riccati differential

equationfor canbe initialized in mary wayswhich leadto a solutionto the

control problem. However, the equilibrium solution hasthe greatadwantage

that sowe have no  differentialequationto solve in realtime (since
for all ).

Now comesa crucial pair of exercises.They aresocrucialthatthereadershould
think for aminuteandnotraceto theanswers:

Exercisel. Suppose isastablematrix. Whatis ?

Answer: . Thereasoris thatthe DGKF  equationis homogeneoum
S0 certainlysatis esit. Butis it stabilizing?Well yessince s stableeven
without perturbingit.

Exerise?2. hasno pureimaginaryeigervalues. What canwe say
about ?

Answer: is onthestableeigenspacef

In the rst exercisethe DGKF  equationdisappearsvhen sincethe
stabilizingsolution is zero,sothecontrollerformulaswill only involve the DGKF

equation.In the secondexercise is usuallylow rank, so maybethe contoller
will havea low dimension(in somesense)f we initialize . For thenonlinear
casethis suggestsa big simpli cation since determineghe stateestimator(the
online partof thecomputation).

We returnto the equilibrium information state , which in the linear caseis
formally of theform

andimmediatelyworry because is typically notinvertible. Indeedif we

suspecthat . While thisis closeto correctit is not quiteandsowe now

embarkon de nitions anda discussiorof singularfunctions. Later we give precise
formulasfor singularinformationstatesandresultingcontrollers.

1.4 Singular Functions

When s not of full rank, the function - interpretedas a
singularfunction. In the rst exercise s stableandcorrespondso , sowe
de ne then

where
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Figurel.7: Thesingularfunction

In thesecondexercise

Figurel.8: Thesingularfunction

Here

if

if
and is the antistablesubspacef and s a quadraticform on (the
analogousotation will beusedfrequentlywhere and isa

functionde nedon ).

We emphasizagainthatin mixedsensitvity controlapplications is usually
low dimensionalThus is supportedn avery thin set.
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1.4.1 Singular Equilibrium Information States

For thenonlinearnwo block problemwe shallassumehat
is ahyperbolicvector eld

with globalstable  andantistable  submanifoldsAs we shallseethe equilib-
rium informationstate is givenby

where is the antistablesubmanifoldbf and isasmoothfunctionon
Therearetwo importantspecialcases:

(i) when isstable, is a purelysingularfunction,and

(i) when is antistable, isa nite, smoothnonsingulafunction.

In ary caseonce iscomputed canbedeterminedy computingfor each
theintegral

where is the solutionin backwardtimeto

See 3.2for aderwation.

1.4.2 The Central Controller Dynamics

The cential contoller is obtainedby initializing the optimal informationstatecon-
troller ( ) at equilibrium, ,andisdenoted . If issingularthe
resultinginformationstatedynamicss still quite concreteo write down, manipulate,
andcomputenumerically

The formula for the dynamics.

Suppose . Thenfor ary , isoftheform

where
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andalso is thefunctionon givenby

initial stateenegy theenepy it takesto getfrom to

where , Is given by thereversedsystemdynamics(1.17)with

Figurel.9: Flow of SingularinformationStates

This evolution of functions onthe togethemwith the evolution (2.6) con-
stitutea “reduceddimensional’pictureof the compensatalynamicgto be discussed
furtherin Chapterl0).

1.4.2.1 Computational Requirements

Theamountof computatiorrequiredfor a singularfunctionindeedis lessthanfor a

nonsingularfunction. This is becauseneneedonly solve a -dimensional
PDE (in realtime). Intuitively, the singularityof informationstatese ects a degree
of knowledgeconcerninghe statetrajectory andthis meangshatlesscomputational
effort is required.

To be morespeci ¢, supposenewishesto approximatelycomputethe compen-
satorstate by numericallysolvingthe ODE

whichpropagates . Then iscomputedy evaluatingtheintegralrecursvely, i.e.,
oneonly needgo updatetheintegral at eachtime step.Onebegins sucha numerical
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computatiorby layingoutagridon . Forexample,if is dimensional
andonechooses equallyspacedyrid pointsin eachdimension,thenif is
dimensionakhoosing  grid pointswould be natural. Oneinitializesthe ODE at
eachgrid point  andsolvesthe ODE numericallyasthe valuesof and
becomeknown. Sincethe ODEis a systemat ary time its solutionis an -
dimensionalector; andwe get oneof theseper grid point. Thusthe memoryand
operationrequirementscalelike

This is a strikingimprovementover the requiredto solve the PDE(3.9) for a
smoothsolutionin

1.5 Attractors for the Information State

A very importantissueis whetheror not the equilibrium is an attractorfor the
information statedynamics(1.19) By this we meanroughly that thereexist a set

of initial states andanonemptysetof signals , in  for whichthe
resultinginformationstatetrajectory corvergesto  (in anappropriatesense)We

callanequilibrium  acontmol attractorif for all in
as
for someconstant (dependingpn ), for

For thenonlinearntwo block problemwith hyperbolicwe shallprove roughly:

Suppose is hyperbolic, that the initial function
satis es , andthat certain technical conditionshold. If
are supportecdn , thenthesolution to

with smoothinitial condition hasthestability property

as

wheee is theantistablemanifoldof ,and isafunctionon
and isarealnumberdependingn , and

It is importantto note thatthe specialcase  antistableleadsto nonsingular
equilibria , whereaswhen is stable is purely singular Moreover,
strongeresultsareproven (Chapterll):

With restrictionson it is possibleto prove corvergencefor arbitrary , in
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Initial states in arecharacterized.

Variousnotionsof corvergencearerequired put thesearemainlycon nedto themore
theoreticalsectionsof the book. In particular we make useof the max-plusnotion
of weakcornvergence(analogoudo weakcorvergenceof probability measuresynd
hypocowergence(from optimization);seeAppendixC.

1.6 Solvingthe PDE and Obtaining

The valuefunction andthein nite dimensionaPDE (1.20)offer a high level

framawork for solving nonlinear control problems. The function PDE (1.20)
is to be solved ofine for , and hence can be constructedbfine. As

mentionedthe only online partof the centralcontroller is theinformationstate
dynamicg(1.19) We now discusghreesituationsgn which vastlysimpli es.

Thesigni canceof theseresultsis thatthein nite dimensionaPDE(1.20)canbe
solvedin termsof aPDEona nite dimensionabpacdi.e.oneon ). Solvingsuch
PDE s a traditionalpursuitof mathematicandengineeringandit bearsdirectly on
the (of ine) constructiorof the centralcontroller SolvingthesePDE give formulas
for in termsof the optimal statefeedback control law appliedto carefully
selectedstates Of coursethe PDE for theinformationstate.

1.6.1 Certainty Equivalence

UnderthecertaintyequivalenceassumptionyWhittle [Whi81], BasarBernhardBB89],
it is possibleto usethe function

asa valuefunction for the control problem. Here, is the statefeedback
valuefunctionof 1.3which determineshe statefeedbackcontroller . The
certaintyequivalencesssumptiomequireshatthe minimumstressestimate

is unique.If this assumptiornolds,thenthe certaintyequivalencecontroller

coincideswith the centralcontrollerdescribedabore. Further the function
solvesthe PDE (1.20)
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Thecertaintyequvalencecontrollerhasdynamics

(1.24)
wherethe RHS s evaluatedat , and solvesa PDE obtainedby
combiningthe PDEsfor and (seeChapter7). This yields the concrete

formulafor the

since

REMARK 1.6.1 A generalizatiorof certaintyequivalenceto casef multiple max-
imahasbeenconsideredn [HV95].

1.6.2 Bilinear Systems
Thereare someclasseof systemdor which the informationstateis nite dimen-

sional. Two suchclassesare thoseconsistingof bilinear andlinear systems. The
plantis bilinear provided

where

are matricesof appropriatedimension,and we assumeor simplicity that is one
dimensiona( ).

If - with thentheinformationstateis given explic-

itly by
- (1.25)

where
(1.26)
1.27)

- - (1.28)
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Here, we have written . Thusthe informationstate  projects
to a nite dimensionalriple . Consequentlythe online computatiornof the
informationstateis drastically simpli ed andfeasible
If the value functionis de ned for the triple , call it , then
corresponding®DE for is de ned on a nite dimensionalspace
andhastheform
(1.29)
where denoteghedynamicsde ned by (1.26) (1.27) (1.28) Evalu-

atingthein mum in theRHS of the PDE (1.29)yieldsthe centralcontrollerfunction

The PDE (1.29)for a function canseldombe solved explicitly and
so approximationsand numericalmethodsmustbe used. However, it is important
to notethat this is alreadyfeasiblein applicationswhele the statespaceis very low
dimensionaln generaljt is not possibleto solve this explicitly.

REMARK 1.6.2 For linearsystemg ), the value functionis given explicitly
by
where isasolutionof the Riccatiequation(1.8).

1.7 Factorization

While engineerdhave a deeplove for feedbackdiagramdike Figure 1.1 this is not
familiarto theaveragemathematicianMost mathematicianare,however, quitefond
of factoring. They will try to factornumbersor mappingsor mostobjectsyou put
in front of them. Fortunately the control problemfor the plant in (1.1) is
equialentundervarioushypotheseto atypeof factorizatiorproblemfor thereversed
arrov system in (1.1) or moreaccuratelypbecaus®f possibledegeneracieso what
we calladecompositiomf . Tobemorespeci c we startwith agivensystem
andseekanothersystem sothatthecomposition is dissipatve with
respecto a certainsignedbilinearform andsothat  satis esafairly weakpartial
left invertibility typeof assumptionlf  isinvertible,thisis equivalentto having
thefactorization
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Noticethatif is asystemwhoseinputspaceds , thenthe outputspaceof
is constrainedo be , but its input spacecanbe of ary dimension. Tradi-
tionally, investigatorsoundfactorswhoseinput spaces , Whichif  islinear

meansthat its transferfunction hasvalueswhich are squarematrices. The square
casedoesnot correspongreciselyto the control problemin Figurel1.1, but it

canbeusedto parameterizenary solutionsto the problem;thushaving agoodsquare
factoringis morethanis neededo solve the control problem. The bulk of Chapter
8 treatssquarefactorization. Actually equivalentto the control problemis having a
goodfactor whoseinputspacds . Thisis describedn 8.10.

Factoringof varioustypesasa subjectindependentf controlis presentedn the
rst andlastpartsof Chapter8. The middle partof the chaptertreatsthe connection
betweerfactoringandcontrol. A mathematiciamwith little interestin control could
skip directly to thefactoringchapterafterreadingtheintroduction.Much of it is self
containedvith only afew (key) proofsrequiringmachineryfromthe rst of thebook.

1.8 A ClassicalPerspectve on Control

Mostpeoplewholearn controlthesedaysfor linearsystemseestatespaceprob-
lemsand statespacetheory In fact the subjectbeganasa purely input-outputfre-
quengy domaintheory; engineeringoeganwith ampli er designandlater came
into controlandgainedorominencehere see 1.11.In this sectiorwe sketchsomeof
theseideas.We startwith controlandthenmentiona few ideasandconnections
with broadbandmpedancenatchinganingredientof classicabmpli er design.

1.8.1 Control

Oneis givenasystem(plant) andwishesto nd acontroller sothatthe closed
loop transferfunction

of the systemin Figure 1.2 hasa certain“shape”. The desiredshapecorrespond$o
the specdlayedout in the control problem. A typical situationis illustratedby the
Bodeplot in Figurel.10. It containswo plotswhich containequvalentinformation
but in differentcoordinates.

Youseein thetop pictureof Figurel.10thatthe absolutevalueof must
be biggerthantheheavy line atlow frequeng andbelow the otherheary line athigh
frequeng. At midrangefrequencieshereis a bit of e xibility sopreciseconstraints
aretypically notdravn in. Algebraicallythelow andhigh frequeng constraintsare
written as
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Sensitvity /
constraint

dominates

Stability - /
magin — Complementary
dominates

sensitvity constraint
dominates

Figurel.10: Bodediagram(transferfunctionmagnitudevs. angularfrequeng).

where and aregiven. Thebottom gure containghesameanformationasthetop
gure butin termsof , whichwe now seeusingsimplealgebra At low frequeng

SO

issmallif islarge. At highfrequenyg

issmallif  isnear . Thishighfrequeng constraintis often calledthe rolloff or
bandwidthconstraint.

We rephrasehe constrainbn in theform

(1.30)
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where are positive weight functionsand is a function which is at low
frequencieszeroathigh frequenciesndinterpolatesmoothlyin betweenNotethat
(1.30)containsa constrainon frequenciest midrangeandthe Bodeplot above does
not. Actually (1.30)constitutesa well posedproblemwhile the Bodeplot constraints
do not. Adding midrange(like stability maigin) constraintgo the Bodeplot givesa

well posedproblem.Note as to forcetheenvelopecontaining
to pinchto zeroat

We would like to shav how the problemof nding a stableclosedloop system
meetingthe constrain{(1.30)translateto a familiar statespace  problem. Actu-
ally thereis a subtleissueon whatwe meanby the closedloop systembeingstable.
Certainlywe want to have no polesin the closedright half plane , but we
needin additionthat small perturbationf and alsohave this property This
is one versionof internal stability . We will not belaborthis view point because
thatwould be time consumingand becauseénternalstability correspondslirectly to
stability of the state spaceequationsfor the closedloop systemas was previously
de ned.

|
nw+sQ—mS

Figurel.11: Mixedsensitvity embedsn thestandardgroblem.

Thenext stepin corversionof the problemto statespaceorm is embedding
our control problemin the standad problem describedn 1.8. Figurel1l.11
indicateshow thisis done.Thetransferfunction incorporatesll informationin
theweights andplant . Onecanreadoff the preciseformulafor  from
Figurel.1landthereis no reasorto recordit here,sincewe explicitly give thestate
spaceversionof theformulain Chapte9. Thuswe have shavn thatour classical
problemis equivalentto nding  whichmalestheclosedoopsystenin Figurel.11

-dissipatve, or equivalently internally stablewith transferfunction having
supnormlessthan . Now Figurel.11lhastheform of Figurel.1andwe seethatthe
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classical  controlproblemhastheform of the standargroblemof controlin
1.1

1.8.2 BroadbandImpedanceMatching

A basicproblemin classicakircuit theoryis: givenan amplifyingdevice conneciit
with a passivecircuit that producesa total (closedloop) ampli er which maximizes
theworst gain over all frequenciesAn easiemproblemwhich oftenbearsheavily on
the ampli er problemis the broadbandmpedancenatchingproblem: Transferas
mud poweraspossiblefroma givensourceto a passivgdissipative)oad.

pmplier—— Amplifying Device
; —1 FIND - GIVEN | — 3
Resistor 1 w Load :
| | Lossless ' | Dissipatie 1
| N Sttt HE S -
Impedancﬂ | ‘ 3
e FIND GIVEN
| Lossless Load
! Dissipatie
Controlhasthe“same”topology:
— FIND - GIVEN _
! [Controllef : Plant isthe
777777777 L 3 minimumsensitvity
Closedoopis
\notlossless internallystable

Figurel.12: Ampli er

This problemis illustratedby Figure 1.12. The top picture shavs an ampli er
gain maximizationproblem. The middle pictureillustratesthe impedancamatching
problemassociatedvith the ampli er problem. The last picture dravs the middle
picturein away which looks muchlike Figure1.2 andthe classicalcontrolproblem
we discussedn 1.8.

Onething to mentionis thatthe key tradeof in impedancenatchinggoesunder
the namegain-bandwidtHimitations They have beenstudied(underthis namefor
decadeshndthe basic“rule of thumb” is the Bode—Rno integral constraints(an
analogof the Freudenbg—Loozeconstraintof control theory). Gain—-Bandwidth
limitationsarequiteliteral analogsf performance—rolldfconstraintsn control.
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1.9 Nonlinear “Loop Shaping”

As mentionedn 1.8, in classicalinear controlthe main objectives(in orderof im-
portancepreto make the controlledsystem

(i) stable,
(i) have prescribedolloff, and

(iii) achieve high performancetlow frequencies.

A metaphofor theirimplicationsis thatif we designanairplanethatfailsto bestable
it will crashimmediatelyif rolloff is poorthenit will probablycrasheventually and
if performances mediocrethe planewill wastesomethingmaybefuel or time.

Controllerdesignclassicallyoften consistecbf choosinga candidatecontroller
andthencheckingtheclosedoop transferfunctionto seeif it metgivenperformance
androlloff specshencehetermloopshaping controloriginatedwith thegoalof
makingloop shapingnoresystematicThe formalisminvolvesweightselection,
which is reasonablyntuitive. Oncesensiblewveightsarepicked solutionsto the
problemoftenarenotsofarfrom desiredhatafew naturaliterationsgivesasolution.

Of coursethereareserioustradeofs betweenstability, rolloff, andperformance
constraints.While frequeng andhencerolloff have no meaningfor nonlinearsys-
tems,it is hardto believe thatwhensystemsarenonlinearthatthesetradeofs dissap-
pear They mustbeimportantin someform.

Whatis nonlinearloop shaping?Thisis the subjectof muchcurrentresearctand
discussionalthoughthe word loop shapings not used.Indeedtheissueis enoughin
ux thatwe do not presumeo sayarything de niti ve here.Ourgoalin this sectionis
justto introduceafew issues.The mainissuesactuallyemepgein the statefeedback
problem,sayfor a systenof theform

sowe focuson statefeedbackn this presentatiomatherthanonthemorecomplicated
measuremerfeedbaclkproblem(the next sectionconsiderghis brie y).

Much attentiongoesto stabilizinga systemand stability might be viewed asa
type of performanceonstraint.This canbefacilitatedby solvinga controlLyapune
inequality

(1.32)

where . Given and this canbe doneexplicitly. For example,for single
input systemgdim ),
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for

More challengingis to decipherthe analogor functionin nonlinearcontrol of
rolloff constraintsMathematicallyrolloff constraintgor alinearsystemlook some-
thinglike

or

In time domaintermstheseinequalitiegpunishthe sizeof

thatis onehasrateboundson the outputof the system.The outputof the systemis
anda rate boundis implied by a rateboundon and
separatelyThusit sufces to imposeconstraintof theform

and

where is acarefullychoserregionin stateandinput space.

In our discussiornwe shall focus on bounding , sincethis is an actuatorrate
boundandthesearevery common;soset , ,and . We bagin by
consideringa ratesaturatiorconstraint andusethe standardrick of making

astateandaddinganinput to get

with  meetingthe saturationconstraint . Incorporatethis into the control
Lyapune inequality(1.31),to get

Next we usethe saturatiorconstrainon andtheinequalityto getthatit is sufcient
that satisfythe rst orderPDI

(1.32)

with
sign

Thecorrespondingontrollersatis esis

We emphasis¢éhatwe arejust giving sufcient conditionsfor solution.
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In fact mary more formulas much more thoughtfully craftedthan this can be
writtenoutin alargevarietyof circumstancesrT hisis aneffort pioneeredy E. Sontag
andcollaboratorssee[LS91], [LS95] for casedik e thosewe have justtreated Other
verydirectapproache® nding controlLyapuna functionsfor systemswith special
structuresaredescribedn [KKK95].

Now we describeanotherapproacho imposingconstraintson . Ratherthan
directly imposea hardratebound we just punish“large” ratesin someway,
for example we combinea costof theform

- (1.33)
with the controlLyapune inequality(1.31). This gives
with . Justashbeforewe optimizeover , but with this approachthereis no
constrainobn , sothemaximizing is
andthePDI becomes
— (1.34)

which s similarto anonlinearRiccatiinequality

Similarly, we couldbemorecautiousandtreatdisturbances enteringhesystem

therebygetting typeinequalities

maximizeover andminimizeover to get

andthePDI

We summarizeall of this by sayingthatsolutionof the stabilizationproblemto-
gethemwith aratesaturatiorconstrainemountdo solvingaparticular rst orderPDI.



1.100ther PerformanceFunctions 35

Thebottomline is thatto handleconstrainton it is verylikely thatsomerst order
PDI or comparabhydif culty problemmustbeaddressedVhatwe have donehereis
donewith theintentionof provoking thoughtandis hardlyconclusve.

While this book treatsHJBI inequalitiesmuch of whatis doneappliesto large
classeof rst orderPDI. The mostextremeexampleis Bellmaninequalities since
they arejustthespecialcasewhere . Thenext sectionexpandson thistheme.

1.10 Other PerformanceFunctions

A wide rangeof problemscanbe castinto a form thatinvolvesthe useof optimiza-
tion techniquessuchasoptimal control,gametheory andin particular the dynamic
programmingmethod.In this bookwe emphasizeneasuremerfeedbackproblems,
solved usingthe informationstateframeavork. This framewvork appliesto a rangeof

stochastidor ) problems,andaswe discussn detail in this book, deterministic
minimaxproblems.

Theintegrand- - in thecostfunctionalusedin thisbook(see(3.1))
hasspecialmeaningdueto the  dissipationnequalitiesandconnectiorto the
norm (a frequeny domainconcept)in the caseof linear systems. Any integrand

couldbesubstitutedn principlefor - - andthecorresponding
solutioncould be derived usingsimilar methodsln particular a suitableinformation
statecanbede ned:

given over andgiven

whereasdiscussedbore the trajectory is a solutionof the reversed-arrey dy-
namics(1.17)

Further measurementeedbackversionsof stabilizationand loop shapingcan
alsobedeveloped.To illustrate,considerarobustversionof the hard-constrainechte

saturatiorexamplediscusse@bore, where , with plantmodel
andLyapune integrand . Theminimaxcostassociateavith this problemfor an
outputfeedbaclcontroller is

with informationstate(a functionof ) de nedfor
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where

for and , . ThePDEfor theinformationstateis

Thedynamicprogramming®DEis

If we optimizeover we get

with optimizer
sign

This givesthecontroller

Theintegral-constrainedontrolrate example(1.33) canbe handledn the same
way.

1.11 History

Theobjective of this sectionis to give ahistoryof developmentgprecedinghis book.
Initially theaccounfollows thatgivenin [HM98a]. We have attemptedo mentionthe
maindevelopmentsandwe appologizen adwanceif wehave missedsomereferences.

1.11.1 Linear FrequencyDomain Engineering

In commonplacdanguage engineeringamountsto achiesing prescribedvorst
casefrequeny domainspecs.Optimizing worst caseerrorin the frequeng domain
alongits presentines startednot with control but with passve circuits. Oneissue
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wasto designampli ers with maximumgain over a given frequeng band. Another
wasthe designof circuitswith minimumbroadbandower loss. Indeed control
is a subsebf a broadersubject, engineering which focusse®n worstcasede-
signin thefrequeng domain.In paradigmengineeringproblemsthis producesvhat
a mathematiciarcalls an “interpolationproblem” for analyticfunctions. Thesecan
be solved by Nevanlinna-Picktechniques.The technique®f Nevanlinna-Pickinter-
polationhadtheir rst seriousintroductioninto engineeringn a SISO (single-input
singleoutput)circuits paperof YoulaandSaito[YS67] in themiddle 19605. Further
developmentwaiteduntil the mid-seventies,whenHelton[Hel76], [Hel78], [Hel81]
appliedinterpolationandmore generaltechniquedrom operatortheoryto ampli er
problems. Here the methodsof commutantifting [And63], [SNF70], [Sar67]and
of Admajan-Ara-Krein [AAK68], [AAK72], [AAK78] wereusedto solve MIMO
optimizationproblems.

In thelate 19705 G. ZamegZam79 beganto marshallagumentdndicatingthat

ratherthan  wasthephysicallypropersettingfor control. Zamessuggestedn
se/eraloccasionshatthesemethodsveretheappropriatenesfor codifyingclassical
control. Theseefforts yielded a mathematicaproblemwhich Helton identi ed as
an interpolationproblemsolvable by existing means(see[ZF81]). In 1981 Zames
and Francis[ZF83] usedthis to solwe the resultingsingleinput single output SISO
problem.In 1982Chang-PearsditJ84 andFrancis-Helton-Zameg§HZ84] solved
it for mary-input, mary-outputMIMO system.

The pioneeringwork of ZamesandFrancistreatedonly sensitvity optimization.
In 1983threeindependenefforts emphasizedandwidthconstrainsformulatedthe
problemasa precisemathematicproblemandindicatedeffective numericaimethods
for their solution: Doyle [Doy83], Helton[Hel83], andKwakernaafKwa83. All of
thesepapersdescribedjuantitatve methodswvhich weresoonimplementedn com-
puters. It wasthesepaperswhich actuallylaid out preciselythe tradeof in control
betweerperformancet low frequeng androll off at higherfrequeng andhow one
solvestheresultingmathematicproblem. This is in perfectanalogywith ampli er
designwhereone wantslarge gain over aswide a bandas possible producingthe
famousgainbandwidthtradeoff.

AnotherindependentlevelopmentwasTannenbauns'[Tan8Q very clever useof
Nevanlinna-Pickinterpolationin a control problemin 1980. Also early on the
stagewas Kwakernaaks polynomialtheory [Kwa8§. Anothermajor development
that dove tailed closelywith the invention of controlwasa tractabletheory of
plantuncertainty A goodhistoricaltreatmentppearsn [DFT92]. Anotherapplica-
tion of thesetechniquess to robuststabilizationof systemdH. Kimuraetal [Kim84].
An earlybookon controlwas[Fra84.

1.11.2 Linear StateSpaceTheory

To describeheoriginsof statespace  engineeringve mustbackupabit. Oncethe
power of the commutantifting-AAK techniquesveredemonstratedn engineering
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problemspP. deWilde playedavaluablerole by introducingthemto signalprocessing
applications see[DVK78], andto othersin engineering.The statespacesolutions
of optimizationproblemsoriginatednotin control,but in theareaof model
reduction. The AAK work with a shift of languages in a paperon modelreduc-
tion (thoughnotin statespacecoordinateshy Bettayab-Safhos/-Silverman[BSS8(Q,
which givesa statespaceviewpoint for SISOsystems Subsequentllover [Glo84]
gavetheMIMO statespaceheoryof AAK typemodelreduction.Sincethe con-
trol problemwasalreadyknown to besolvableby AAK, thisquickly gave statespace
solutionsto the controlproblem.Thesestatespacesolutionsweredescribedrst
in 1984 by Doyle in a report[Doy84] which thoughnever publishedwasextremely
in uential. Earlierin histhesis(unpublishedhe hadgivenstatespace  solutions
basedon corverting the geometric(now it would be calledbehaioral by engineers)
versionof commutantifting-AAK dueto Ball andHeltonto statespace.

Therewasavasteffort on statespace  controlby mary engineerandmath-
ematiciansWe mentionnow only a few majordevelopmentsin the beginningthere
wereonly crudeboundson thedimensionof the statespaceof the controllerandnu-
mericalrecipesfor the controllerrelied on substantiatancellationwhich of course
is bad. It wasdiscoveredby [LH88] thatthe dimensionof an optimal controller
equalsthatof theplant . Next camethefamouspaperof [DGKF89] which gave an
elggantcancellatiorfreeformulafor the controller(asdiscussedh 1.2). Theformu-
las in this paperhave becomestandard.Othercloselyrelatedresultsalso appeared
aroundthis time or a little later, see[Tad9(Q, [Sto92]. An excellentpresentations
givenin [GL95].

1.11.3 Factorization

It might be mentionedhatfactorization(the subjectof Chapter8) wasknowvn from
early on to yield all controllersproducinga certainperformanceaswell hasother
problemsc.f. [HBJP87. Thesemethodseredevelopedby Ball-HeltonandH. Kimura
andcoworkersin mary papersduringthe 80's and90's(se¢BHV91], [Kim97] and
thereferencesherein). This leadto anelegantproof of the original DGKF formulae
aswell asthe rst discretetime DGKF formulasby Ball-Ran[BR87]. A -spectral
factorizatiomapproaclwaspresentedn [GGLD90], [Gre92].

1.11.4 GameTheory

It wasobseredin [Pet87, [DGKF89] (andelsavhere)thatthereare closeconnec-
tions between control and differentialgames. Basically the two quite distinct

problemscanbe solved usingthe sameRiccati equations.Theseconnectionsvere
pursuedn depthby a numberof researcherseee.g. [LAKG92], [BB89] (updated
in 1995). The gametheoryview of controlis asa minimax game,wherethe

disturbanceor uncertaintyis modelledby a maliciousopponentandthe aim of the

controlleris to minimizetheworstperformanceinderthesecircumstancesThistime

domainformulationis very importantfor nonlinearsystems.
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1.11.5 Nonlinear Control and Dissipative Systems

The efforts to extend control to nonlinearsystemsbegin in the middle 80's
by mathematiciansersedin linear commutantifting and AAK techniques.Ball-
Foias-Helton-a&nnenbaunfiormulatedthe nonlinearproblemandshavedthatpower
series(Volterra) expansiondeadto reasonable@pproximatesolutions,[BFHT871],
[BFHT874. This effort hascontinuedto the produceimpressie results,[FGT95],
[FGT9q, [FGT98]. Ball-HeltonpursuedseveraldifferentapproachesOnewaswhat
would todaybe describedn termsof behaiors or gamesn extensve form [BH88d|.
Anotherwasin statespaceform [BH924d, [BH92b], [BH884d, [BH88h]. This re-
ducedthe solutionof the measuremerfeedbaclkdiscretetime nonlinearproblemfor
a“strongly” stableplant to solutionof anHJBI equation.

For continuougime statefeedbackasiowork wasdoneby vanderSchaffvdS91],
[vdS93, [vdS9q. Hereducedhesolutionof thestatefeedbackproblemfor anonlin-
earplant to solutionof an HIBI equation.This work wasin uenced by Willems'
theoryof dissipatve systems[Wil72], [HM76], [HM77], etc. Indeed vander Schaft
emphasizes -gainterminologyandthe BoundedRealLemma,[AV73]. Thisis a
powerful andnaturalformulation.Indeedjt isthe  -gaininequality(whichwerefer
to asthedissipatiorinequalityin thisbook)whichmakessensdor nonlinearsystems,
whereaghefrequeng domainconcepbf normdoesnot applyto nonlinearsys-
tems.

1.11.6 Filtering and MeasurementFeedbackControl

Classicalcontrol problems asdiscusseatarlier areformulatedin the frequenyg do-
mainandarenaturallymeasuremerfeedbackproblems.Thisis re ectedin theBall-
Helton papersof the 80's. Optimal controlwith measuremerfeedbackis dif cult,
andthis explainsin partthelengthof timeit took to obtaina nice statespacesolution
tothelinear controlproblem(mostof aa decade)Theissueis how to represent
andusetheinformationcontainedn the measurements.

Much of optimal control theory(including games)s concernedvith statefeed-
backproblems.Thisis natural,sincethe stateof a systemis a summaryof its status,
andtogetherwith the currentinput valuescan be usedto determinefuture beha-
ior. Engineersareinterestedn feedbackcontrollers,andsolutionsto statefeedback
optimal control problemslead to statefeedbacksolutions(via, say dynamicpro-
gramming). However, given thatthe original problemof interestis a measurement
feedbackone, thereis the dif culty of whatto do with the lack of full stateinfor-
mation. A common,but often suboptimalapproactis to designa stateestimator(or
obserer), andplug the stateestimatdanto the optimal statefeedbaclkcontroller This
is calledcertaintyequivalence.Thesolutionof theLinearQuadraticdGaussiaffLQG)
problemis an optimal certaintyequivalencecontroller [Won6§. First, an optimal
statefeedbackcontrolleris designedandthencoupledwith the outputof the optimal
stateestimatori.e. the Kalman-Bug Iter, [Kal60] [KB60]. The certaintyequia-
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lenceapproachs notoptimalfor thedeterministidLinearQuadratidRegulator(LQR)
problem.DeterministicLQR designanayemplg aLuenbegerobsenrer, [Lue6f.

Thelinear LQG problemis a stochastimptimal control problem. Whatis hap-
peningin Kalman's solutionis thatthe optimal stateestimatethe conditionalmean,
becomeshe stateof a nev system,and the optimal controller for this nenv sys-
tem turns out to coincidewith the optimal statefeedbackcontroller for the origi-
nal system. Actually, the optimal LQG controllerfeedsbackthe conditionalprob-
ability distribution, which being a Gaussiardistribution, is completelydetermined
by the conditionalmeanand covariance( nite parameters).For nonlinearoptimal
stochastiacontrol problemsanalogoudo LQG, the optimal controlleris a function
of the conditionaldistribution. Thusthe conditionaldistribution senesasan “in-
formation state” for theseoptimal control problems. The measurementeedback
optimal control problemis transformedinto a new statefeedbackoptimal control
problem, with the information state serving as the statevariable. The evolution
of the conditionaldistribution is describedby a stochastigartial differential equa-
tion, calledthe KushnefStraton@ich equation[K us64],[Str68], or in unnormalized
form, the Duncan-Mortensen-Zakaguation[Dun67], [Mor66], [Zak69. Theseare
the stochastid®DEsof nonlinear ltering, andarethe nonlinearcounterpartgo the
Kalman Iter equationsThusnonlinearltering isin nite dimensionalandmeasure-
mentfeedbaclkoptimal stochasticontrolinvolvesthe optimal statefeedbackcontrol
of anin nite dimensionakystem.

Theinformationstateapproacthasbeenwell knowvn sinceatleastthe 60's, both
in the WestandEast. A nice explanationof theseideasis givenin [KV86]. Of the
mary publicationgdevotedto this problem we mentiononly [Str65],[Nis76], [EII82],
[FP82, [Fle82],[Hij90], [EAM95]. It is still a dif cult mathematicaproblem,and
presentshallengingmplementatiorissues.

For nonlinearproblemsanalogougo the deterministidclQR problem,thereis no
informationstatesolution,andonetypically usesa suboptimakertaintyequivalence
designasdiscusse@bove. A key dif culty hereis thedesignof the stateestimatoror
obserer. Thisis a majorproblemin nonlinearcontrol, [KET75], [HK77], [KR85],
etc.

In contrast,it is relatively straightforvard to write down a nonlinear lter, al-
thoughoneis facedwith computationaldif culties for implementation. In 1968,
R.E. Moretenserderived a deterministicapproacho nonlinear ltering, calledmin-
imum enegy estimation,[Mor68]. Thisis essentiallya leastsquaresapproachand
leadsto a Iter whichis a rst ordernonlinearPDE.An interestingstudyof this Iter
was conductedn 1980by O. Hijab, [Hij80]. Thesedeterministiclters arerelated
to the stochasticlters via smallnoiselimits. Theselimits are examplesof the type
whichoccurin thetheoryof largedeviations.J.S.Baraswasintriguedby these lters
andtheir connectionsandin [BK82] proposedisingthesemethodsasthe basisof a
designprocedurdor nonlinearobserers,[BBJ8§, [JB88],[Jam91].
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1.11.7 Control, Dynamic Games,and Risk-Sensitve Control

In 1973,D.H. Jacobson[Jac73],introducesa new type stochasticoptimal control
problemwith an exponentialcost function, which today is often called the risk-
sensitie problem.He solveda LinearExponentiaQuadratidGaussiafLEQG) prob-
lemwith full statefeedbackandobseredthathis solutionis thesameasthesolution
for arelateddynamicgame(sameRiccati equation). It took until 1981 for the cor
respondindinearmeasuremerfeedbackoroblemto be solved, by Whittle [Whi81].
Thestructureof the controlleris againof the certaintyequivalencetype,althoughthe
Kalman lter estimateis not used.Insteadthe Kalman Iter is modi ed with terms
coming from the control objectve. Whittle's solution was very interesting,since
the conditionaldistribution is not usedasthe informationstate. Later, connections
with control,werediscovered,[GD88], [DGKF89]. Thus control,dynamic
gamesandrisk-sensitie controlareall related.

In the late 80's andearly 90's BasarBernhardandcoworkers developedthe cer
tainty equivalenceprinciple for deterministicminimax gamesand control. The
key referencehereis the 1989 monograpHBB89] (revisedin 1995),aswell asthe
papergBer9]], [DBB93], [BR95]. Thebook[BB89] containsan excellentaccount
of theminimaxgameapproactandcertaintyequivalencemainlyin thelinearcontext,
with somenonlinearresultsin the secondedition. The certaintyequivalencesolution
is very closely relatedto the solution of Whittle, andis the basisof an important
approacho measuremerieedbackhonlinear ~ control.

In the early 90's a numberof researcherbegan exploring the connectionse-
tween control, dynamicgames andrisk-sensitie controlin the nonlinearcon-
text, beginning with Whittle [Whi904, [Whi90b], [Whi91]. The connectionsnade
useof small noiselimits. This work inspired Fleming-McEneang leadingto the
paperdFM92], [FM95], andalsoto papersstudyingviscosity solutionsof the
PDEsand PDIs [BH96], [Jam93],[McE95H, [McE95a], [Sor9q. Independently
J.S.Barassuggestedhvestigatinghe risk-sensitve problemusingsmallnoisemeth-
ods, in conjunctionwith earlierwork on nonlinear Iters. This led to the papers
[Jam92, [JBE94], [JB9Y, [JB9q, [BJ97]. The paper[JBE94] solved the nonlin-
earmeasuremerfeedbackdiscreteime) stochasticisk-sensitve problem solveda
nonlinearmeasuremerfeedbackdeterministicninimax game,andestablisheaon-
nectionsbetweerthemvia smallnoiselimits. An informationstatewasusedfor both
problemsandin therisk-sensitve casetheinformationstatewasnot the conditional
probability distribution. The information statede nition wasinspiredby the paper
[BvS8Y, which useda methodwhich generalizeso nonlinearsystems.In the min-
imax case the informationstatecoincideswith BasarBernhards cost-to-comeand
is relatedto the risk-sensitve information statein a manneranalogoudo the link
betweenMortensers minimumenepy estimatorandstochasticmonlinear lters dis-
cussedabore. Seealsothe publicationgKS89], [Ber9§. A large numberof papers
have sincebeenwritten concerningvariousaspectf risk-sensitve control, lter -
ing, gamesandtheir connections{PMR9q, [CE9Y, [CH9Y], [FHH97], [FHH98],
[Nag9q, [RS9], [Run9]], etc.



42 Intr oduction

1.11.8 Nonlinear MeasurementFeedback Control

While stableplantproblemshadbeenknown to corvertto HIBI inequalitiessincethe
late 80's, the unstablemeasuremerfeedbackproblemremainedntractable.A sub-
stantialnumberof paperdave beenwritten, including: Isidori-Astol -Kang [I1A923],
[1A92b], [Isi94], [IK95], Ball-Helton-Walker [BHW93], Didinsky-BasarBernhard
[DBB93], Krener[Kre94], Lin-Byrnes|[LB95], Lu-Doyle [LD94], Maas[Maa96],
Nguang[Ngu9q. Theseresultsilluminatedvariousaspect®f the measuremerieed-
backproblem,andindeecdtheresultsall specializedo thewell knovn DGKF solution
whenappliedto linear systems.The resultsweregenerallyof a sufcient nature,so
thatif certainPDEsor PDI couldbesolved,thenasolutionto thenonlinear  con-
trol problemwould beproduced However, in generatheseresultsarefar from being
necessary:  controllerscould exist but not be of the form givenin thesepapers.
Thisis becaus@onlinearltering, andhenceoptimalmeasuremerieedbaclcontrol,
is intrinsically in nite dimensional.

Informationstatecontrollersfor nonlinear controlwereobtainedoy a num-
ber of authorsin the early 90's. van der Schaft[vdS9q identi ed someof the key
measuremerfeedbackequationsincludingthe couplingcondition,andobtainedn-
formationstatecontrollerformulasassumingertaintyequivalence.Didinsky-Basar
BernhardDBB93] obtainednformationstatecontrollersassumingertaintyequia-
lenceandgeneralizedertaintyequivalence.The rst generakolutionto thenonlinear

problemwasgivenin [JB95] (seealso[JBE94). Theinformationstatewasem-
ployed to give anintrinsically in nite dimensionalsolution, completewith a clean
setof basicnecessityandsufciency theoremsA numberof relatedpapershave ap-
pearedsincethen,e.g. [Teo94, [TYJB94], [JY95], [Yul96]. In 1994 Helton-James
realizedthatthe informationstateframewvork could be usedfor  innerouterfactor
ization,andpreliminaryresultsandformulaswerepublishedn [HJ94. Thisinitiated
a detailedinvestigatioranddevelopmentof theinformationstatesolution,leadingto
the paperqdHJ95],[HJ96b],[HI96a],andultimately, to this book.

1.11.9 Prehistory

Now we lurch backto sketchthe originsof the HIBI equationsvhich play sucha big

rolein thisbook. Thisis anextensve subjectwhichis well describedn mary places,
sowe give little accounf the historyandjustlist somereferencesThuswe urgethe

curiousto read[Bel57], [Isa69, [You69, [FR7Y, [FS93],[BO95|.

1.12 CommentsConceming PDEsand Smoothness

In this book we make extensie useof optimal controlmethodsandnonlinearPDEs
(Hamilton-Jacobtype). In general solutionsto suchPDEsarenot globally smooth
andin AppendixB we discusstheseequationsandtheir solutions,in particular the
concepbf viscositysolution
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We have attemptedo minimizetechnicaissuesarisingbecausef lack of smooth-
nessto keepthe focusof thebookon control-theoretiédeas.In mary placeswe use
PDEson nite dimensionakpacegsuchasthe PDEgiving thedynamicsof theinfor-
mationstate),anduseintegrated(i.e. dynamicprogrammingyepresentationghich
aremeaningfulwithout smoothnessln someresultswe assumesmoothnes$o help
keepstatementslear(andreadily connectedo the familiar linear case) andto sim-
ply proofs. However, readershouldbe awarethatsuchresultsremainvalid without
the smoothnesassumptionsyith appropriaténterpretationgndproofs.

PDEson in nite dimensionalspaceslay a majorrole in this book. Thereare
mary unresohedpurelymathematicalssuesoncerninghesePDEs.We have notat-
temptedo describén detailissuesconcerningheconcepbf solutionfor suchequa-
tions(thisis still anopenquestion).Insteadwe have statedanumberof resultswhich
have no needof smoothnes&hesemale useof theintegrateddynamicprogramming
equation) However, whenoneuseghedynamicprogramming® DEto obtainanopti-
malfeedbaclcontroller(suchasour constructiorof thecentralcontroller)someform
of smoothnesss required sowe formalizewhatwe needandassumehisin orderto
developthecontrol-theoretiégdeas.We have tried to male clearwheresmoothnesis
or is notassumed.

We remarkthatthe resultsin this book have discretetime analogs(see[JB95),
anddifferentiabilityis irrelevantin discretetime. Thusdiscretetime controllerscan
be obtaineddirectly from discretetime analogsof the dynamicprogrammingPDE
without the needfor the valuefunctionto bedifferentiable.



