
Chapter 1

Intr oduction

The goal of this introductionis to give a quick light presentationof the main ideas
developedin thisbook.Thuswefocusonlayingoutthestructurefor abasicnonlinear
control problemwhich hasthe remarkablyjargony name,the “two block problem”.
This is a nicelevel of generalityfor an introduction,becauseit containsmostof the
ideasbehindthe moregeneralfour block problem(which is treatedin detail in the
book),theformulasaresimpler, andthelineartwo blockproblemcorrespondsto the
paradigmproblemof classicalcontrol. This paradigmproblemis often called the
“mixedsensitivity problem”,andChapter9 is devotedto its solution.We turnnow to
our overview of thetheorywhich is thesubjectof this book. We postponehistorical
discussionandmotivationto

�

1.11.Linearsystemsarediscussedin
���

1.2,1.3.6.

1.1 The Standard Problemof Nonlinear ��� Control

Now we introducea specialcaseof thestandard problemof ��� control. It entails
a descriptionof theplantandcontrollermodels,andde�nitions of thecontrolobjec-
tives.Thisis motivatedin

�

1.8andactuallydonecarefullyin Chapter9. Thestandard
controlproblemcorrespondsto theFigure1.1,whichwenow explain.
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Figure1.1: TheClosed-LoopSystem�����
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2 Intr oduction

1.1.1 The Plant

Let's considernonlinearplants� with a two blockstructure

�

�

��

�

�

�

�

�

�

�

��

�

���
	

�

�

����
��

�

�

�

�

��
��

�

�

�

�


��
�

�

�

�

���������

�

�

�

�

���
�

�

�

�

���

�

(1.1)

Here, �

���

�����! 

denotesthestateof thesystem,andis not in generaldirectly mea-
surable;insteadan output �

�"�

�#�$�&%

is observed. The additionaloutputquantity
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is a performancemeasure,dependingon theparticularproblemat hand.
Thecontrol input is �

���

�*�+�-,

, while �

���

�.�/�10

is regardedasanopposingdistur-
banceinput. Detailedassumptionsconcerningthe functionsappearingin (1.1) will
begivenin Chapter2, however wementionherethattheorigin is anequilibriumand
thetwo blockstructurerequires2
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(2.5)

(More generally, in the four block casethecoef�cient of � in the third equationof
(1.1) is amatrix

�
�=�

whichwill satisfyacondition(2.3)givenin Chapter2.)

1.1.2 The Classof Controllers

The plant � wasdescribedby an explicit statespacemodelandis assumedgiven.
However, in the spirit of optimal control theory, we do not prescribea statespace
modelfor thecontroller

�

, sinceit is anunknown to bedeterminedfrom thecontrol
objectives. Rather, we simply stipulatesomebasicinput-outputpropertiesrequired
of any admissiblecontroller, namelythat thecontrollermustbea causalfunctionof
theoutput

�

� �

�?>

�A@ B

�

�C>

�

andtheresultingclosedloopsystembewell-de�ned in thesensethattrajectoriesand
signalsexist andareunique. The controller

�

will be saidto be null-initialized if
�

�

: �

�

:

, regardlessof whetheror notastatespacerealizationof
�

is given.

1.1.3 Control Objectives

The ��� control problemis commonlythoughtof ashaving two objectives: �nd a
controller

�

suchthattheclosedloopsystem��� �

���

is

(i) dissipative,and

(ii) stable.
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In
�

1.2wede�ne whatis meantby thesetermsin thecaseof linearsystems.We now
describetheirmeaningsfor nonlinearsystems;thisgivesanextensionof � � control
to nonlinearsystems.
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Theclosedloopsystem�����
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is � -dissipativeif thereexist �
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andafunction
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(1.2)

Thisde�nition is sayingthatthenonlinearinput-outputmap ��� �

���

� �
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 de�ned
by theclosedloopsystemhas�nite

� �

gainwith abiastermdueto theinitial state���

of theplant � .

While dissipationcapturesthenotionof performanceof acontrolsystem,another
issuewith ��� controlis stabilityof thesystem.Theclosedloopsystemwill becalled
weaklyinternally stableprovided that if � is initialized at any ��� , then if �

�C>

� �

� ��� :

���

�

, all signals�

�C>
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�C>

�

in theloopsaswell as �

�C>

�

convergeto
:

as �

B

� . By internalstabilitywemeanthattheclosedloop is weaklyinternallystableand
in additionif thecontrollerhasa statespacerealization,thenthecontrollerstatewill
convergeto anequilibriumas �

B

� .

Dissipationandstability arecloselyrelated;see,e.g. [Wil72], [HM76], [HM77],
[vdS96]. Indeed,dissipative systemswhich enjoy a detectabilityor observability
propertyalsoenjoy astabilityproperty. In ourcontext, supposethesystem�����

���

is

 -detectable, thatis, �

�C>
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and 


�C>
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imply �
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and �
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�AB :

as �

B

� . By 
 -observablewe meanthat if �

�C>

�

�

:

, �C>

�

�

:

, then �

�C>

�

�

:

. If
��� �

���

is � -dissipativeand 
 -detectable, then ��� �

���

is weaklyinternallystable(see
Theorem2.1.3).

1.1.4 A ClassicExample#
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Figure1.2: MixedSensitivity Setup

Thebook is written for readerswith many differentinterests,so it is worth em-
phasizingfor thereaderwith aclassicalcontrolbentthattheproblem

/

Theterm“nonlinear 021 control” hasno precisemathematicalmeaning,but it hascomeinto com-
mon usein the controlengineeringcommunityandrefersto nonlineargeneralizationsof 0

1 control
(whichhasprecisemeaningfor linearsystems).
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Given plant
�

, �nd a controller
�

achieving a given ��� performance
speci�cation(seeFigure1.2).

is of the type we just introduced.In linear ��� control the designerselectscertain
weightsandoptimizesaworstcasefrequency domainperformance.This is calledthe
mixedsensitivityproblemof ��� control; seeChapter9. If theweightsarechosen
correctlyfor amixedsensitivity problemthenonegetsthestandardtwoblockproblem
of ��� controlwhich we just presented.Choiceof weightsis a seriousbusinessin
practice,and someseriousinvestigationof how this shouldbe donefor nonlinear
systemsis in its infancy. In

�

1.8andChapter9 wedescribesomebasicconsiderations
in selectingweights.

1.2 The Solution for Linear Systems

The � � problemis well understoodwhenthesystemsarelinear. Theplant is linear
provided
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are matricesof appropriatedimension. We recall herethe well-known solution to
the � � control problemfor the two block linearsystems,see[DGKF89], [PAJ91],
[GL95], etc.(thesereferencesalsocontainthe“standardassumptions”).

1.2.1 ProblemFormulation

The classof admissiblecontrollers
�

arethosewith �nite dimensionallinear state
spacerealizations
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Given �

8(:

, the ��� controlproblemfor � is to �nd, if possible,acompensator
�

suchthattheresultingclosedloopsystem� � �
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 satis�es:

(i) Dissipation:Therequireddissipationpropertyis expressedin thefrequency do-
mainin termsof the � � normof theclosedloop transferfunction ��� �

���

��


�

asfollows: �

� � �

���

���

1
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�

;

(ii) Stability: Werequirethattheclosedloopsystem

�����

���

is internallystable
;
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Somediscussionof theclassicaltransferfunction(classicalloopshaping)picturesvs
thestatespacepictureof controlis foundin

�

1.8.

1.2.2 Background on Riccati Equations

Recalla few factsaboutRiccatiequations.An algebraicRiccatiequation
�

	

�

	

� �������+���

�

:

(1.3)

with realmatrixentries	

�

�

�

�

and
�

�

�

selfadjoint,meetingsuitablepositivity and
technicalconditions(see,e.g.,[ZDG96,Chapter13]), hasupperandlower solutions

�

�

�

�

) sothatany otherselfadjointsolution
�

lies betweenthem
�

�

�

�

�

�

)

;

Thebottomsolutionis calledthestabilizingsolutionbecauseit hasandis character-
izedby theproperty

	

�����

� (1.4)

is asymptoticallystable.Likewise
�

) is antistabilizingin that

�

�

	

�����

)

�

(1.5)

is asymptoticallystable.

1.2.3 Standard Assumptions

Therearea numberof “standardassumptions”thatareneededfor thenecessityand
suf�ciency theoremsabout ��� control.Thesecanbeexpressedin variouswaysand
herewe follow [PAJ91].

The�rst conditionwe have alreadyseen,viz. therankcondition(2.5). The
� ���

rankconditionensuresthatthecostterm
�




�

�

is strictly positivede�nite in thecontrol
� (while themoregeneral4-blockcondition(2.3), Chapter2, relatesto thesolvability
for � given �

�

� in theoutputequation�1� �

�

�

�������

� ).

Next aretwo importanttechnicalconditionswhich take theform

rank
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for all �

�(:

� (1.6)

and

rank
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���

for all �

�(:<;

(1.7)

The condition (1.6) can be replacedby a stronger �

�

statefeedbackassumption
(Chapter5), while (1.7)canbereplacedby astronger�

�

�ltering assumption(Chap-
ter 11). Thesetwo conditionsarecommonlyusedin �

�

control and�ltering, and
concernthecontrollabilityandobservability of underlyingsystems.
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1.2.4 ProblemSolution

Thenecessaryandsuf�cient conditionsfor solvability of the � � problemunderthe
standardassumptionsare:

Condition1: Statefeedback Control. Thereexists
��� � :

solvingthecontrol-type
Riccatiequation
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(1.8)

which is stabilizing,i.e.,
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;

(1.9)

Condition2: StateEstimation. Thereexists �

� � :

solving the �lter -typeRiccati
equation
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(1.10)
which is stabilizing,i.e.,
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(1.11)

Condition3: Coupling. Thematrix
���

�

�

hasspectralradiusstrictly lessthan � .

THEOREM 1.2.1 ([DGKF89]) ([DGKF89], [PAJ91],[GL95]) The� � control prob-
lem for � , meetingcertain technical conditionsis solvableif and only if theabove
threeconditionsare satis�ed. If theseconditionsare met,onecontroller, called the
central controller, is givenby
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(1.12)

Wesometimesrefer
�

�

asthe“DGKF” central controller, afteritsdiscoverersJ.Doyle,
K. Glover, P. KargonekarandB. Francis,[DGKF89].



1.2The Solution for Linear Systems 7

1.2.5 The Linear Solution from a Nonlinear Viewpoint

Of coursethe solution to the nonlinearcontrol problemwhich we presentin this
bookwhenspecializedto linearsystemssolvesthe linear ��� controlproblem.The
solutionlooksa bit differentfrom theclassicalonewe just saw. The linearsolution
hasbeenput in coordinateswhich make degeneratecasesappearun-pathological.
However, it is not easyto changecoordinatesin nonlinearsolutions,sowhatwe get
is forceduponus. Let usseewhatthelinearspecializationof thenonlinearsolution
lookslike.

If �

��8(:

, andhenceinvertible,thecouplingconditionis equivalentto

�

�

�

�

�

�

�

� � � �(:<;

This foreshadows thenonlineartheoryin thatit focusseson theinverseof �

�

. More-
over, weshallseethatonedoesnotactuallyneedthestabilizingpropertiesof

���

and
�

�

; positive de�nite inequalitieswill do. Indeedif we take the main resultsof this
bookgivenin Chapter4,

�

4.10,andspecializethemto thelinearcaseweget:

THEOREM 1.2.2 A solutionto the linear ��� control problemexists(and there are
formulasfor producingit) if there existssolutions

� � :

and �

8 :

to theDGKF
Riccatiequationswhich satisfystrict coupling

�

�

�

�

�

�

� � �(:<;

(1.13)

Conversely, if a solutionto thelinear ��� control problemexiststhestabilizingsolu-
tions

�
�

and �

�

to theRiccatiequationsare nonnegativede�nite and if �

�-8 :

, we
have

�

�

�

�

�

�

�

� �
� �(:<;

(1.14)

Notethatthelowerboundingproperties

�
�

�

�

and �

�

� �

of
�
�

���

�

imply
�

�

�

�

�

�

�

���
�

�

�

�

�

�

�

�

� � �(:<;

So the DGKF Theorem1.2.1 hasfor simplicity presentedthe extremecaseof the
possiblesolutions.

As we soonseethis funny way of writing the
�

��� couplingconditionis exactly
theway it presentsitself for generalnonlinearsystems.Also we have only discussed

�

8$:

. Actually, for the theoryto hold � neednot be invertible. This may sound
like a �ne point but a rankoneor two � containsmuchlessinformationthana rank
seventeen� , andsucheconomiesof informationtranslateinto majorcomputational
savingsin thenonlinearcase.Thusin thebookwe give considerableattentionto the
“singularcases”,thatis where�

�

�

is “not �nite”.
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1.3 The Idea of the Nonlinear Solution

Thissectionis theheartof theintroductoryoutlineof thebook,andcontainsadiscus-
sionof themain ideasof thesolutionto thenonlinear� � control problemde�ned
above.

State feedbackcontrol. The natureof the informationavailable to the controller
hasa very signi�cant bearingon thecomplexity of theproblem,andof theresulting
controller. Accordingly, we begin with aneasierproblemin which thecontrolleris
allowed to readthe stateof the plant. This simplerproblemis known as the state
feedback� � control problem(essentiallyonewith full information),and is well-
understoodin theliterature.

Estimation - the information state. Next we turn to the generaloutput feedback
problem. Here the stateis not known perfectlyand so we mustestimateit. This
estimationis donewith somethingcalledtheinformationstate,a functiononthestate
spaceof theplant � whichsatis�esaPDE.Thustheinformationstateis producedby
anin�nite dimensionalcontrolleddynamicalsystem.Muchof thisbookis concerned
with propertiesof this dynamicalsystemandhow it canbe usedto solve the � �

controlproblem.

Coupling - information state feedback. Using the information state,the output
feedbackproblemis convertedto statefeedbackproblemfor anew system.Thisnew
systemusestheinformationstateasits statevariable,andthesolutionof thenew state
feedbackproblemleadsto thesolutionof theoutputfeedback� � controlproblem.
This is acouplingof controlandestimation.

This indicatesthelayoutof theremainderof theIntroduction.

1.3.1 The StateFeedbackControl Problem

Thestatefeedback��� hasbeenextensively studiedin theliteratureandis well un-
derstood;see[vdS96] andthereferencescontainedtherein.

1.3.1.1 ProblemStatement

A block diagramillustratingthestatefeedback��� problemis given in Figure1.3.
Thestatespacemodelfor theplantis

�
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;

(1.15)

Thecontrollercanreadmeasurementsof theplantstate� , sothat

� �

�

�

�

�=;
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(For simplicity we only considerstaticstatefeedbackcontrollers.Alternatively, one
could work with full informationcontrollers,where

�

is a causalfunction of the
disturbance,andthis wouldyield thesameoptimalcontroller, underappropriatereg-
ularity assumptions.)
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Figure1.3: TheStateFeedbackClosed-LoopSystem�����

���
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Thestatefeedback�
� controlproblemis to �nd a controller � �

�

�

�

�

which
is dissipative in thesenseof

�

1.1andstablein thesensethatthevector�eld

	

��
�� �

is asymptoticallystable
;

1.3.1.2 ProblemSolution

The solution is determinedby the statefeedback Hamilton-Jacobi-Bellman-Isaacs
PDE(HJBI PDE)
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(1.16)

If onecan �nd a strictly positive propersmoothsolution � ( �
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asymptoticallystable

thenasolutionto thestatefeedbackproblemis:

1.3.1.3 The StateFeedbackCentral Controller
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andintegrationof thePDE(1.16)yieldsthedissipationinequality
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Thedesireddissipationproperty(1.2) follows from thisonsetting
�

�

� since �

�

:

. Also, stabilityof thevector�eld 	

��
 � �

�

follows (see,e.g.,[vdS96]).

It is importantto notefor practicalreasonsthat thedesignercansolve for � off
line (i.e. not in realtime). This requiresthesolutionof aPDEin � -dimensions.

EXAMPLE 1.3.1 For linear systems(cf.
�

1.2), thestatefeedbackHJBI PDE hasa
quadraticsolution
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if it hasany solutionat all. Onecansubstitute
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we illustratewhen
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�

�

�75

�

�

�

�

�

5

�

	

�


��

�

� ��5 �

�

�

�

5 �

�

	

�


��

�

� �

�

�

�

5 �

�

�

�

�



�


&5

�

�



�


&5

�

���

�

�

i.e.
:

�

�

�

�

5 �

0�� ���

�

�

� �

�

which is theDGKF statematrix Riccati equation
�

0 � ���

�

�

� �

�

:

. Take
�
� �$:

to
be thestabilizingsolutionof this Riccati equationto get the optimalstatefeedback
controller

�

�

�

�

�

���

�

0�� ���

�

�

�

�

�

�

�

�

� ��
&5

�

�
� �

�

;

�

REMARK 1.3.2 Actually to solve thestatefeedback��� problemit is enoughto �nd
a function �

�

�

� � :

, �

�

: �

�

:

satisfyingthe HJBI PDE (1.16)plus a detectabil-
ity assumption.For example,if theclosedloop system� � �

�

�

�

�

is detectable(here
�

�

�

�

�

�

is determinedby thesolution �

�

�

�

:
�

�

�

�

�

�

�

�

2

�

�

�

�

�

�

� �����

�

�

�

5

�

�

�

�

� �


 �

�

�

��


� �

�

�

���

), thenonecanobtainstability of 	

� 
 � �

�

� from the dissipation
inequalityanalogouslyto whatis donein Theorem2.1.3.Thisapproachwill beused
frequentlyin the sequel. Note, however, that it is in generaldif�cult to checkde-
tectability;however, thegenericsystemis detectable(whichof coursedoesnot imply
thatasystemderivedfrom somegenericoptimizationprocessis detectable).Another
additionto solutionsof theHJBI which producesolutionsto thestatefeedbackcon-
trol problemis theclassof strict positive � with �

�

: �

�

:

solving thestrict HJBI



1.3The Idea of the Nonlinear Solution 11

inequality




���

> �

	

�


��

2

�

�

�

�

5

���

�

� ���

�

�




���

> �

�

�

�


&� 


5

�

�


��

2

�

�

�




5

�

�

>




���

5

�

�

�

�

5

�

� 


�

�����

2

�

�

�

�

5

���

�

�

�

�

:<;

�

1.3.2 The Information State

We returnto theoutputfeedbackproblem.To solve it, we usean informationstate.
This convertsthe outputfeedbackproblemto a new statefeedbackproblemwith a
new state,namelytheinformationstate(thismethodologyis anold onefrom stochas-
tic optimalcontrol). We now give de�nitions which leaddirectly to theconstruction
of thecontrollerdynamics.

1.3.2.1 ReversingArr ows

We startby de�ning the reversearrow system. It is a new system
�

� which, in two
block case,is obtainedfrom � by reversingthe � and � arrows. While thede�nition
is algebraic,pictureshelpa lot, seeFigures1.4(a)and(b).

Thereversearrowsystemis de�ned by

�

�

�

��

�

�

�

�

�

�

�

��

�

�

� 	

�

�

���&��

�

�

�

�

�

��

�

�

�

�

�


��
�

�

�

�

���������

�

�

�

�

� �

�

�

�

�

�

���

�

;

(1.17)

with 	

�

de�ned by

	

�

3

� 	

�


��

�

� ;

Note that � and
�

� have thesamestatespace.Clearly this is derivedby substituting
� � �

�

�

�

�

�

�

into the � dynamicsto produce

�

��� 	

�

�

����

�

�

�

� �

�

�

�

�

�

�

��� ��

�

�

�

�

�

which is thesameasthedynamicsde�ned above in (1.17)for
�

� .
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�

� �

�

� ���

�

���

�

���

�

� �

�

�

���

�

�

�=�

���

,

.

)

�

�

���

���

'

.

	

(a)TheOriginalSystem� .




� 


�

�

�

���

�

���

�

���

�

���

�

�

���

�

�

�=�

���

,

.

�

)

(

�

���

�	�

)

	

(b) TheReverseArrow System 
� .

Figure1.4: Reversingarrows.
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1.3.2.2 De�nition

Giventime �

��:

, pastmeasurement�

� � � � :

�C�

�

andpastcontrolsignal �

� � � � :

�C�

�

introducea function �

�

�

�

�

���

�

�

�?�

�

on thestates� of theplant � by

�

�

�

�

�

�����

�

�

�

: � � �

�

� �

�

�

�

�

�

�

�

�

��


� ���������

�

�

��


� �

�

��


�

�

�

�

�

�

�

�

��


�

�

�

�

�

�

��


� �

�

�

�

�




� initial stateenergy
�

�

�

�

�

output
�

� input
�

�

�




given �

�

� over
� :

�?�

�

andgiven
�

���

�

� �

;

(1.18)
Here

�

follows thestatetrajectoryfrom
:

to � of thereversearrow system(1.17)with
�nal state

�

���

�

� � . This is thetricky part. Given � to de�ne �

�

�

�

�

we mustrun the
�

� systembackwardsfor � timeunits,usingthegiven � , � . We seehow muchenergy
2

�

�

�

��� wasconsumedby thesystemandwhatstate
�

�

: �

thetrajectoryhits,with energy
2

� . Then
�

�

�

�

�

�

2

�

�

2

�

�

�

���

�

thesumof two costterms. This function is calledthe informationstatefor the �
�

control problemand plays the role of a “suf�cient statistic”, [JBE94], [JB95]. In
[BB89], this function is calledthe “cost to come”. For �

�

���

�C> �C�

�

to be de�ned
everywherewe mustassumethat for each �

�

�

� � � � :

�?�

�

the differential equation
(1.1) hastrajectorieswhoseend points at time � sweepout the whole statespace
providedtheendpointsat time

:

do. (SeeTheorem3.1.8.)Figure1.5illustratessome
of thecommonshapesof informationstates;generallythey areboundedabove,point
downwards,andmaytake thevalue �

� .

If theinformationstate�

�

�

�

�

is smooththenit satis�estheinformationstatePDE

�

�

�

�

�

�

�

�

�	�

�

�

�

�

�

���

�

�

�

���

� �
3

�

�




�

�

�

�

�

�

>

�

	

�

�

�

� ��
��

�

�

�

�

���

� ��
��

�

�

�

�

�"�

���

�

�

�

�

�

�

�

�

� �����7�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

�

�"�

�

�

�

�

�

�

�

�

�

(1.19)
which is readily obtainedby differentiating(1.18). Often we write this differential
equationevenwhen� isnotsmooth,but oneshouldinterpretit astheintegralequation
(1.18), or perhapsin theviscositysense(seeAppendixB). We canthink of thePDE
(1.19)asdescribingan in�nite dimensionaldynamicalsystem, which canbewritten
in shorthandform

�

� �	�

�

�

�

�

�

�

�=;

This systemhasa “state” � belongingto anin�nite dimensionalfunctionspace,and
it is driven by input signals� and � . The solutionof the �

� problemdependson
propertiesof thissystem.Somereferencesinclude[JB95],[BB89], [DBB93].
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(a)Nonsingular(everywhere�nite).

(b) PurelySingular(equalto �

� everywhereexceptat ���

�

).

(c) MixedSingular(�nite onasubsetof ��� andequalto �

� elsewhere).

Figure1.5: CommonInformationStates.(The informationstateis a function �

�

�

�

de�ned on theplantstatespace,thehorizontalplanein the �gure, with coordinates
� �

�

�

�

�

; ; ;

�

�

 

�

.)
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1.3.3 The Central Controller

Wenow giveahighlevel formulafor thestructureanddynamicsof acontrollerwhich
(as the book unfolds) turnsout to be a goodcandidatefor the solutionof the � �

problem.

StateSpaceis a space
� �

of functions� � �

�

�

�

on thestatespace
�  

of theplant
� .

DynamicsarethePDE
�

� � �

�

�

�

�

�

�

�=;

Output � is function
� � �

�

�

�

de�ned (onasubsetof) theinformationstatespace
� �

.

Wecall this theinformationstatecontroller, illustratedin Figure1.6.


 








�

� � �

�

�

�

�

�

�

�

��

�

�

Figure1.6: InformationStateController

In
�

1.3.5 we show how � is constructed.Ultimately we shall focus on particular
informationstatecontrollercalledthecentralcontroller;it is obtainedby optimization
(yielding �

�

�

�

�

) andsuitableinitialization.

An importantpoint is that for this controllerto beimplementableonemustsolve
theinformationstatePDEonline. This is aPDEin � -dimensions.

1.3.4 Equilibrium Information States

Our de�nition of thecontrollerdynamicsis not completebecausein orderto de�ne
its dynamicswe mustspecifyaninitial informationstate� � . As we shallseecareful
choiceof this initial state��� makesa big differencein the implementabilityof the
controllerandstronglyaffects the dynamicalbehavior. Thuswe devote substantial
effort andseveralsubsectionsto thequestion:which initial state� � doweuse?

An obviousrequirementof ��� stemmingfromthenull initializing property
�

�

: �

�

:

is

�

�

�

�

�

�

:

for all � when�

� solves
�

� �	�

�

�

�

:

�

: �

initializedat ��� .
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However astrongerhighly desirableconditionis

:

�	�

�

���

�

:

�

: �

and �

�

���

�

�

:<;

Thatis, ��� is saidto beanequilibriumsolution�

�

to theinformationstatePDE.This
is the correctinitialization of the centralcontroller: � �+���

�

. (Below we discuss
convergenceof �

� to �

�

—stability.)

As we shallseetheequilibriafor two block informationstateshave a surprising
form. It issurprisingenoughthatwehadbetterretreattoanexamplebeforedescribing
it; this is donein

�

1.3.6. In themeantime,we considertheproblemof choosingthe
controlleroutputfunction �

�

�

�

.

1.3.5 Finding �

�

and Validating the Controller

We give now somedetailson the constructionof the function �

�

�

�

which is a key
componentof theinformationstateandcentralcontrollers.This is chosenoptimally
asfollows (sothatwewill take � ���

�

): solveanin�nite dimensionalstatefeedback
controlproblem.TheHJBI PDEfor thisproblemis

�����

�������

	 ��


	 ����





%
�

�

�

� �

�

�

�

�

�

�

�

� �

�

:

in �����

�

;

(1.20)

Here,



%
�

�

�

�

is interpretedasaFrechetderivative (moregeneralinterpretationsare
discussedin Chapters4 and10).Oneattemptsto solvethisPDEfor asmoothfunction

�

�

�

�

de�nedonadomain�����

� , asubsetof thestatespace,andsatisfyingauxiliary
conditionssuchas �

�

�

���

	 ��


�
�

�

�

�

���

, and �

�

���

�

�

:

for some���

�

�����

� . The
function �

�

�

�

is calledthevaluefunctionfor the ��� control problem,andcanbe
regardedasan analogof the statefeedbackvalue function �

�

�

�

(see
�

1.3) for the
informationstatesystem.Theinformationstatefeedbackfunction �

�

�

�

�

is obtained
by

�

�

�

�

�

�������

�

���

� � �

�

�

	 ��


	 � �






%
�

�

�

� �

�

�

�

�

�

�

�

�����

�

�




%
�

�

�

� �

2

�
� �

�

�




%
�

�

�

� �

�

�

5

���

�

�
��


5

�




�

�

5

��;

Necessaryandsuf�cient conditionsfor thesolvability of the �
� controlproblem

canbeexpressedin termsof the function �

�

�

�

andthePDE(1.20). Thefollowing
“metatheorem”statesthemainideawithout theclutterof technicaldetails:
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RESULT 1.3.3 If there exists somecontroller which solvesthe
� � problem,thenthere existsa function �

�

�

�

solvingthePDE
(1.20) (in somesense)as well as auxiliary technical conditions.
If the function �

�

�

�

is smooth,thenthe central controller
�

�

%

�

obtainedfrom �

�

�

�

solvesthe ��� problem. Key to this is the
“coupling condition”ensuringthat thecontroller is well-de�ned
for all timeandalongtrajectoriesof theclosed-loopsystem,

�

�

�

�

�"�

� �

�

	 ��


�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

�

� � � �

� � (1.21)

where �

�"�

�

���

�

�

�

�

�

. Conversely, if onecansolvethePDE(1.20)
for a smoothfunction �

�

�

�

satisfyingsomeauxiliary technical
conditions,thenthe central controller

�

�

%

�

obtainedfrom �

�

�

�

solvesthe ��� problem.

Themajorobjective of this book is to presentintuition andtheoryfor resultsof this
type.

1.3.5.1 Construction of the Central Controller

Now wesummarizetheprocedurefor building thecentralcontroller:

(i) Obtaina function �

�

�

�

and �

�

�

�

�

solving the PDE (1.20) andthe coupling
(1.21).

(ii) Compute�

�

andcheck �

�

�

�

� �

�

:

.

(iii) Use �

�

astheoutputtermof thecentralcontroller.

(iv) TheinformationstatePDE(1.19)initialized at � � � �

�

givesthedynamicsof
thecontroller

�

�

%

�

.

1.3.5.2 Validating the Controller

We review thecontext in whichwe sit. Let �

�?>

�*� � �

and ���

�+�
 

begiven. These
determinesignals�

�C>

�

, 


�?>

�

, and �

�C>

�

andtrajectories�

�C>

�

, �

� from thedynamicsof
theclosedloop �����

�

�

%

�

�

with ���'� �

�

, �

�?>

�

� �

�

�

�

�

�

. The ideabehindcon�rming
dissipativity of theclosedloopsystemis:

(i) IntegratethePDE(1.20)alongthetrajectory�

� :

�

�

�

�

�

�

�

�

���

�

�

�

�

�

� � � �

�

;
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Thenusetheproperty

�

�

�

�

���

� �

�

	 ��


�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

�

� �

�

:

(1.22)

andthede�nition of theinformationstateto obtain

�

�

�

�

�

: � � �

�

� �

�

�

�

�

�

�

�

�

��


� ���������

�

�

��


� �

�

��


�

�

�

�

�

�

�

�

��


�

�

�

�

�

�

��


� �

�

�

�

�




���

�

�

�

�

�

�

�

�

� �

where
�

�C>

�

is thesolutionof (1.17)with
�

���

�

� � . Now if �

�C>

�

is input to the
plant � with initial state� � we obtainsignals�

�C>

�

�

�

�

%

�

�

�

�C>

� �

andstate�

�C>

�

in closed-loop,andsoif weset ��� �

�"�

�

wehave
�

�C>

�

� �

�C>

�

andso
�

� �

�

�

�

�

�

�

�

�

��


� � ��� �7�

�

�

��


� �

�

��


�

�

�

�

�

�

�

�

��


�

�

�

�

�


 �

�

�

�

� �

�

�

�

�

�

�

: � �

�

�

�

�

�

���

�

which is thedissipationinequality(1.2)with
�

�

�

�

�

.

(ii) If �

�

is nonsingularand if ��� �

�

�

%

�

�

is detectable,then
�

�

%

�

solves the ���

controlproblem.If �

�

is singular, thenwith extrawork andstrongerconditions
it is possibleto prove that

�

�

%

�

solvesthe �
� controlproblem.SeeChapter4.

(iii) The stability resultsdiscussedin
�

1.5 below for the informationstatesystem
areusedto deducetheasymptoticbehavior of the informationstatein closed
loop (Chapter4).

1.3.5.3 StorageFunctions

Associatedwith a dissipative systemarefunctions �

�

�

�

�

�

on its statespacecalled
storage functions. Of coursewe are interestedin the closedloop system �����

�

�

%

�

�

andastoragefunction � for it is de�nedto benon-negativeandsatisfythe“dissipation
inequality”:

�

�

�

�"�

�

�

�

���

� � �

�

�
�

�

� �




��


�

�

���


 �

�

�

���

�

�

� ���

�

�
�

�
�

�

���

�

� 


�

�

���


 (1.23)

for all �

� :

and all �

���4� � :

�?�

�

. It is fairly remarkablethat thereis a storage
function �

�

�

�

�

�

for the closedloop system �����

�

�

%��

�

which hasa very simpleand
explicit formula:

�

�

�

�

�

�

�

�

�

�

�

���

�

�

�

� ;

It is interestingto note that the contentof (1.23) is the sameas that of (1.22) as
can be veri�ed by addingminus the information stateequationwhich �

� satis�es
to (1.21). Also compare(1.23) with the dissipationinequality (1.2) of

�

1.1 (note
�

�

�

�

���

�

�

�

�

�
�

�

�

�

�

�

�

�

). This storagefunctiongivesa handytool for validating
that

�

�

%�� is � -dissipative provided ���

�

���

�

is �nite.
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1.3.6 Example: Linear Systems

1.3.6.1 �

�

�

�

for linear systems

Theinformationstatefor linearsystemsarequadraticandwill bedescribedimmedi-
atelybelow. For now wediscusstheform of � . Onehas

�

�

�

�

�

�

���

�

�

�

�

�

���

�

�

�

5 �
�

�

� ;

Thus

(i) Theintegratedform of (1.20)

�

���

�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

���

�

�

�

�

�

�

���

�

�

�

5 � �

�

�

�

�

�

���

�

�

�

���

�

�

���

�

�

���

�

�

�

5 �
�

�

�

is equivalentto �

�

�

�

being�nite, and
���

beingpositive semide�nite.

(ii) Theequilibriuminformationstateis �

�

�

�

�

�

�

�

�

5

�

�

�

�

� where �

�

solvesthe
DGKF � equation. �

�

�

�
�

�nite is equivalent to the matrix �

�

�

�

�

�

�

� �
�

beingnegative semide�nite. If � is suboptimal,thenthis is negative de�nite
since,smallperturbationsof thiswill benegative.

ThuswehavethattheDGKF conditions1,2 and3 (exceptfor thestrictness)of
�

1.2.4
areimplied by theexistenceof (�nite) � andtheexistenceof �

�

solving(1.20)and
(1.21). Theconverseis trueandcanbecheckedwith a little effort.

1.3.6.2 The Information State

For linear systems,one can checkthat if � ���

�

is invertible, then solutionsto the
informationstateequationhave theform

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

� � 5

� ���

�

�

�

�

�

�

�

�

���

��� ���

���

�

whenever ��� hasthis form, where
�

�

� �

�
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�

5
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�
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� ���
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�
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� � 
�� �
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�
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�

�

�

� � 
 �9�

�

�

�

�

�

5

�

�������

�

�

�

� 	

�

�

�

�

	

�

5

�

� �

�

�

�

�

5

�

�

�

�

�

5

�

�

���

�

;

Now we comparethis to thedynamicsof theDGKF centralcontroller(1.12)to the
linear ��� problem.The

�

� equationis exactly (1.12)if we take � ���

�

equalto �

�

, the
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stabilizingsolutionto theDGKF � equation(1.10). The above Riccati differential
equationfor � �"�

�

can be initialized in many wayswhich lead to a solution to the
� � control problem. However, the equilibrium solution hasthe greatadvantage
that

�

�

�

�

�

�

�

:

so we have no � differentialequationto solve in real time (since
� ���

�

�

�

�

for all �

� :

).

Now comesa crucialpair of exercises.They aresocrucialthatthereadershould
think for aminuteandnot raceto theanswers:

Exercise1. Suppose	

�

is astablematrix. Whatis �

�

?

Answer: �

�

�

:

. Thereasonis thattheDGKF � equationis homogeneousin � ,
so �

�

�

:

certainlysatis�esit. But is it stabilizing?Well yessince	

�

is stableeven
withoutperturbingit.

Exercise2. 	

�

hasno pureimaginaryeigenvalues.What canwe say
about�

�

?

Answer: �

�

is
:

on thestableeigenspaceof 	

�

.

In the �rst exercisethe DGKF � equationdisappearswhen �

�
�

�

�

sincethe
stabilizingsolution �

�

is zero,sothecontrollerformulaswill only involve theDGKF
�

equation.In thesecondexercise�

�

is usuallylow rank,so maybethecontroller
will havea low dimension(in somesense)if we initialize �

� �

�

�

. For thenonlinear
casethis suggestsa big simpli�cation since � determinesthe stateestimator(the
onlinepartof thecomputation).

We return to the equilibrium information state�

�

, which in the linear caseis
formally of theform

�

�

�

�

�

�

�

�

�

�

�

�

5

�

�

�

�

�

�

andimmediatelyworry because�

�

is typically not invertible. Indeedif �

�

�

:

we
suspectthat �

�

�

�

�

�

�

� . While this is closeto correctit is notquiteandsowenow
embarkon de�nitions anda discussionof singularfunctions. Laterwe give precise
formulasfor singularinformationstatesandresultingcontrollers.

1.4 Singular Functions

When �

�

is not of full rank, the function �

�

�

�

�

�

�

�

�

�

�

�

5

�

�

�

�

� interpretedas a
singularfunction. In the�rst exercise	

�

is stableandcorrespondsto �

�

�

:

, sowe
de�ne then

�

�

�����

�

where

���

�

�

�

�

�

�

�

:

if � �

:

�

�

� if � ��

:<;
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:

:

Figure1.7: Thesingularfunction � � .
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Figure1.8: Thesingularfunction �

�

���
�

�
�

���

�

�

.

Here

�
�

���

�

�

�

�

�

�

�

:

if �

��	

� 0

�

�

� if � �

��	

� 0

and
	

� 0 is the antistablesubspaceof 	

�

and
�

�

�

is a quadraticform on
	

� 0 (the
analogousnotation��� �

�

�
�

� will beusedfrequentlywhere
	 �$�

 

and
�

� is a
functionde�ned on

	

).

We emphasizeagainthatin mixedsensitivity controlapplications
	

� 0 is usually
low dimensional!Thus���*���

�

is supportedonavery thin set.
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1.4.1 Singular Equilibrium Information States

For thenonlineartwo blockproblemweshallassumethat

	

�

is ahyperbolicvector�eld

with globalstable
	

0 andantistable
	

� 0 submanifolds.As we shallseetheequilib-
rium informationstate�

�

is givenby

�

�

���������

� �

�

�

where
	

� 0 is theantistablesubmanifoldof 	

�

and
�

�

�

is a smoothfunctionon
	

� 0 .
Therearetwo importantspecialcases:

(i) when 	

�

is stable,�

�

����� is a purelysingularfunction,and

(ii) when 	

�

is antistable,�
�

is a �nite, smooth,nonsingularfunction.

In any caseonce
	

� 0 is computed
�

�

�

canbedeterminedby computingfor each�

�

	

� 0 theintegral

�

�

�

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

��


� �

�

�

�

�

�

�

�

�

�

�

��


� �

�

�

�

�


 �

where
�

�?>

�

is thesolutionin backwardtime to
�

�

� 	

�

�

�

�

�

�

�

: �

� �

� 	

� 0

;

See
�

3.2for aderivation.

1.4.2 The Central Controller Dynamics

The central controller is obtainedby initializing the optimal informationstatecon-
troller ( � � �

�

) at equilibrium, �
�

� �

�

, andis denoted
�

�

%

�

. If �

�

is singular, the
resultinginformationstatedynamicsis still quiteconcreteto write down, manipulate,
andcomputenumerically.

The formula for the dynamics.

Suppose��� ���

�

���
�

���

� �

�

�

. Thenfor any �

�

�

���9�

, �

� is of theform

�
�

�

���

�

�C> �C�

�

where

	

�

3

�

�

�

���

�

�

�

�

� 	

�

�

�

����
��

�

�

�

�

��
��

�

�

�

�

�

:

� 
 � � �

�

�

: �9� 	

� 0

�

�



1.4Singular Functions 23

andalso
�

�

�C> �C�

�

is thefunctionon
	

� 0 givenby

�

�

�

�

�C�

�

�

�

�

�

�

�

�

: � � �

�

�

�

�

�

�

�

�

�

�

�

��


� ���������
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��


� �

�
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�

�

�

�

�
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�
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�
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�

��


� �

�

�

�

�




� initial stateenergy
�

theenergy it takesto getfrom
�

�

: �

to
�

���

�

� �

where
�

��


�

,
:

� 
 � � , is givenby thereversedsystemdynamics(1.17)with
�

���

�

�

�

� 	

� .
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Figure1.9: Flow of SingularInformationStates

This evolution of functions
�

�

� on the
	�� �
	

togetherwith theevolution (2.6)con-
stitutea“reduceddimensional”pictureof thecompensatordynamics(to bediscussed
furtherin Chapter10).

1.4.2.1 Computational Requirements

Theamountof computationrequiredfor a singularfunctionindeedis lessthanfor a
nonsingularfunction. This is becauseoneneedonly solve a �

� �

� -dimensional
PDE(in real time). Intuitively, thesingularityof informationstatesre�ects a degree
of knowledgeconcerningthestatetrajectory, andthis meansthat lesscomputational
effort is required.

To bemorespeci�c, supposeonewishesto approximatelycomputethecompen-
satorstate �

	

�

�

�

�

�

�

by numericallysolvingtheODE
�

��� 	

�

�

�

����

�

�

�

�

�

��

�

�

�

�

�

whichpropagates
	

� . Then
�

�

� is computedby evaluatingtheintegralrecursively, i.e.,
oneonly needsto updatetheintegral at eachtime step.Onebeginssucha numerical
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computationby layingoutagrid on
	

� . For example,if
	

�.�

	

� 0 is � dimensional
andonechooses

�

equallyspacedgrid points in eachdimension,thenif
	

� is �

dimensionalchoosing
� 	

grid pointswould benatural. Oneinitializes the ODE at
eachgrid point ��� andsolvesthe ODE numericallyas the valuesof �

���

�

and �

���

�

becomeknown. Sincethe ODE is a ��� � systemat any time its solutionis an � -
dimensionalvector; andwe get oneof theseper grid point. Thusthe memoryand
operationrequirementsscalelike

���

�

�

	

�=;

This is a striking improvementover the �

�

�  �

requiredto solve thePDE(3.9) for a
smoothsolutionin

�  

.

1.5 Attractors for the Information State

A very importantissueis whetheror not the equilibrium �

�

is an attractorfor the
informationstatedynamics(1.19). By this we meanroughly that thereexist a set
�

��� � )

�

�

� �

of initial states��� anda nonemptysetof signals� , � in
�4�

for which the
resultinginformationstatetrajectory�

� convergesto �

�

(in anappropriatesense).We
call anequilibrium �

�

acontrol attractor if for all �

�

� in
�4�

�

�

B

�

�

���

� �	�

as �

B

�

for someconstant
� �#�

(dependingon �

�

�

�

��� ), for ���

�
�

��� � )

�

�

� �

.

For thenonlineartwo blockproblemwith 	

�

hyperbolicweshallprove roughly:

Suppose	

�

� 	

�


��

�

�

is hyperbolic, that the initial function ���

satis�es �

�

�
�

�

:

�

: � � :

, and that certain technical conditionshold. If
�

�

� aresupportedon
� :

� �

�

, thenthesolution�

� to

�

� �	�

�

�

�

�

�

�

�

with smoothinitial condition��� hasthestabilityproperty

�

�

B

�

� �	� 3

� �
�

���

���

�

� �	�

as �

B

�

where
	

� 0 is theantistablemanifoldof 	

�

, and
�

�

�

is a functionon
	

� 0

and
�

is a realnumberdependingon � , � and ��� .

It is importantto note that the specialcase	

�

antistableleadsto nonsingular
equilibria �

�

, whereaswhen 	

�

is stable�

�

� �
� is purely singular. Moreover,

strongerresultsareproven(Chapter11):

� With restrictionson �
� it is possibleto prove convergencefor arbitrary � , � in

�9�

.
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� Initial states��� in
�

��� � )

�

�

� �

arecharacterized.

Variousnotionsof convergencearerequired,but thesearemainlycon�nedto themore
theoreticalsectionsof thebook. In particular, we make useof the max-plusnotion
of weakconvergence(analogousto weakconvergenceof probabilitymeasures),and
hypoconvergence(from optimization);seeAppendixC.

1.6 Solving the PDE and Obtaining ���

Thevaluefunction �

�

�

�

andthe in�nite dimensionalPDE(1.20)offer a high level
framework for solving nonlinear ��� control problems. The function PDE (1.20)
is to be solved of�ine for �

�

�

�

, and hence �

�

�

�

�

can be constructedof�ine. As
mentioned,theonly onlinepartof thecentralcontroller

�

�

%

�

is theinformationstate
dynamics(1.19). We now discussthreesituationsin which �

�

�

�

vastlysimpli�es.

Thesigni�canceof theseresultsis thatthein�nite dimensionalPDE(1.20)canbe
solvedin termsof aPDEona�nite dimensionalspace(i.e. oneon

�
 

). Solvingsuch
PDEis a traditionalpursuitof mathematicsandengineeringandit bearsdirectly on
the(of�ine) constructionof thecentralcontroller. SolvingthesePDEgive formulas
for �

�

in termsof the optimal statefeedback�

�

0 control law appliedto carefully
selectedstates.Of course,thePDEfor theinformationstate.

1.6.1 Certainty Equivalence

Underthecertaintyequivalenceassumption,Whittle [Whi81], Basar-Bernhard[BB89],
it is possibleto usethefunction

�

�

�

�

�

� 	 ��


�

�

�

�

�

���

�

�

�

���

asa valuefunction for the ��� control problem. Here, �

�

�

�

is the statefeedback
valuefunctionof

�

1.3which determinesthestatefeedbackcontroller �

�

0 � ���

�

�

�

�

. The
certaintyequivalenceassumptionrequiresthattheminimumstressestimate

�

�

���

�

�������

�

���

�
���

�

�

�

�

�

�

���

�

�

�

� �

is unique.If thisassumptionholds,thenthecertaintyequivalencecontroller

���

�

���

�

���

�

0�� ���

�

�

�

�

���

� �

coincideswith the centralcontrollerdescribedabove. Further, the function
�

�

�

�

�

solvesthePDE(1.20).
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Thecertaintyequivalencecontrollerhasdynamics
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�

�

(1.24)

wheretheRHSis evaluatedat � �

�

�

���

�

, and � ���

�

�

�C�

�

solvesa PDEobtainedby
combiningthe PDEsfor �

�

�

�

�

and �

�

�

�

(seeChapter7). This yields the concrete
formulafor the �

�

:
�

�

�

�

�

���

�

0�� ���

�

�

�

�

�

since
�

� �

�

�

�

�

�

.

REMARK 1.6.1 A generalizationof certaintyequivalenceto casesof multiple max-
ima hasbeenconsideredin [HV95].

�

1.6.2 Bilinear Systems

Therearesomeclassesof systemsfor which the informationstateis �nite dimen-
sional. Two suchclassesare thoseconsistingof bilinear and linear systems.The
plantis bilinear provided
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� 	��
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�

where
	

�

�

�

�

�

�

�


��

�


 �

�


��

�

�����

�

arematricesof appropriatedimension,and we assumefor simplicity that � is one
dimensional(

�

�

�

).

If ���

�

�

�

�

�

�

�

�

�

�

5

�

�

�

�

� with �

�

8 :

thentheinformationstateis givenexplic-
itly by

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

� ��5
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�"�
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�

� (1.25)
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�����"	
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;

(1.28)
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Here, we have written 	

�

�

�

� 	

� 
 �

� . Thus the informationstate�

� projects
to a �nite dimensionaltriple �

�

�

��� �

� �

. Consequently, theonlinecomputationof the
informationstateis drasticallysimpli�ed andfeasible.

If the value function is de�ned for the triple �

�

�

��� �

� �

, call it
�

�

�

�

�

��� �

� �

, then
correspondingPDE for

�

�

�

�

�

��� �

� �

is de�ned on a �nite dimensionalspace
�  

�

�  

�

�

�

andhastheform

�����
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	 ��
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� � �

�

�

�

�

�

��� �

�

�

�

�

�
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�

:

(1.29)

where
�

�

�

�

�

��� �

�

�

�

�

�

�

denotesthedynamicsde�ned by (1.26), (1.27), (1.28). Evalu-
atingthein�mum in theRHSof thePDE(1.29)yieldsthecentralcontrollerfunction
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The PDE (1.29) for a function
�

�

�

�

�

��� �

� �

canseldombe solved explicitly and
so approximationsandnumericalmethodsmustbe used. However, it is important
to notethat this is alreadyfeasiblein applicationswhere thestatespaceis very low
dimensional. In general,it is notpossibleto solve thisexplicitly.

REMARK 1.6.2 For linearsystems(

 �

�

:

), thevaluefunction is given explicitly
by

�

�

�

�

�

��� �

� �

�
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�

5 �
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�
� �
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�

�

�

���

�

where
��� �(:

is asolutionof the
�

Riccatiequation(1.8).
�

1.7 Factorization

While engineershave a deeplove for feedbackdiagramslike Figure1.1 this is not
familiar to theaveragemathematician.Mostmathematiciansare,however, quitefond
of factoring. They will try to factornumbersor mappingsor mostobjectsyou put
in front of them. Fortunately, the ��� control problemfor the plant � in (1.1) is
equivalentundervarioushypothesestoatypeof factorizationproblemfor thereversed
arrow system

�

� in (1.1)or moreaccuratelybecauseof possibledegeneraciesto what
wecalladecompositionof

�

� . To bemorespeci�c westartwith agivensystem
�

�

�

�

andseekanothersystem
�

�

sothatthecomposition
�
	

�

��� �

�

is dissipative with
respectto a certainsignedbilinearform andsothat

�

�

satis�esa fairly weakpartial
left invertibility typeof assumption.If

�

�

is invertible,this is equivalentto
�

having
thefactorization

�

�

�
	
�

�

�

�

�

�

�

.
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Noticethatif
�

is asystemwhoseinputspaceis
� %

�

,

, thentheoutputspaceof
�

�

is constrainedto be
�-,

�

%

, but its input spacecanbe of any dimension.Tradi-
tionally, investigatorsfoundfactorswhoseinputspaceis

�1,

�

%

, which if
�

�

is linear
meansthat its transferfunction hasvalueswhich aresquarematrices. The square
casedoesnot correspondpreciselyto the � � control problemin Figure1.1, but it
canbeusedto parameterizemany solutionsto theproblem;thushaving agoodsquare
factoringis morethanis neededto solve thecontrol problem. Thebulk of Chapter
8 treatssquarefactorization.Actually equivalentto thecontrol problemis having a
goodfactor

�

�

whoseinputspaceis
�&%

. This is describedin
�

8.10.

Factoringof varioustypesasa subjectindependentof control is presentedin the
�rst andlastpartsof Chapter8. Themiddlepartof thechaptertreatstheconnection
betweenfactoringandcontrol. A mathematicianwith little interestin controlcould
skip directly to thefactoringchapterafterreadingtheintroduction.Muchof it is self
containedwith only afew (key) proofsrequiringmachineryfrom the�rst of thebook.

1.8 A ClassicalPerspective on ��� Control

Mostpeoplewholearn ��� controlthesedaysfor linearsystemsseestatespaceprob-
lemsandstatespacetheory. In fact the subjectbeganasa purely input-outputfre-
quency domaintheory; ��� engineeringbeganwith ampli�er designandlatercame
into controlandgainedprominencethere,see

�

1.11.In thissectionwesketchsomeof
theseideas.We startwith ��� controlandthenmentiona few ideasandconnections
with broadbandimpedancematching,aningredientof classicalampli�er design.

1.8.1 Control

Oneis givena system(plant)
�

andwishesto �nd a controller
�

sothat theclosed
loop transferfunction

� �����

�
3

�

�

� � �

� �

�����

�

�

�

� �

�����

� �

��� �

� �

�

�

of thesystemin Figure1.2hasa certain“shape”. Thedesiredshapecorrespondsto
the specslayedout in the control problem. A typical situationis illustratedby the
Bodeplot in Figure1.10. It containstwo plotswhichcontainequivalentinformation
but in differentcoordinates.

Youseein thetoppictureof Figure1.10thattheabsolutevalueof
� 3

�

� �

must
bebiggerthantheheavy line at low frequency andbelow theotherheavy line athigh
frequency. At midrangefrequenciesthereis a bit of �e xibility sopreciseconstraints
aretypically not drawn in. Algebraicallythelow andhigh frequency constraintsare
writtenas

�

� �

�

�

���

8 8

� �

��� �
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� �

�

�

���

� �

� �

�
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Figure1.10:Bodediagram(transferfunctionmagnitudevs. angularfrequency).

where� � and��� aregiven.Thebottom�gure containsthesameinformationasthetop
�gure but in termsof � , whichwenow seeusingsimplealgebra.At low frequency
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� �
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� �
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so
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� � ���
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�

�

�

�

�

�

�

�

� � ���

�

�

�

���

� �

�

�

�

�

�

is small if � � is large.At highfrequency

�

�

�

�

���

�

�

�

� �

�

�

�

is small if � � is near
:

. This high frequency constraintis oftencalledthe rolloff or
bandwidthconstraint.

Werephrasetheconstrainton � in theform

�

�

���

�

�

�

�

�

�

�

�

�

�

�

�

�

(1.30)
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where �

�

�

�

� arepositive weight functionsand � is a function which is
�

at low
frequencies,zeroathighfrequenciesandinterpolatessmoothlyin between.Notethat
(1.30)containsaconstrainton frequenciesatmidrangeandtheBodeplot above does
not. Actually (1.30)constitutesawell posedproblemwhile theBodeplot constraints
do not. Adding midrange(like stability margin) constraintsto theBodeplot givesa
well posedproblem.Note �

�

��� �

�AB

� as �

B

� to forcetheenvelopecontaining
� to pinchto zeroat � .

We would like to show how the problemof �nding a stableclosedloop system
meetingtheconstraint(1.30)translatesto a familiar statespace� � problem.Actu-
ally thereis a subtleissueon whatwe meanby theclosedloop systembeingstable.
Certainlywe want � to have no polesin theclosedright half plane �

�

�

� �

, but we
needin additionthat small perturbationsof

�

and
�

alsohave this property. This
is one versionof internal stability . We will not belaborthis view point because
thatwould betime consumingandbecauseinternalstability correspondsdirectly to
stability of the statespaceequationsfor the closedloop systemaswas previously
de�ned.
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Figure1.11:Mixedsensitivity embedsin thestandardproblem.

Thenext stepin conversionof the ��� problemto statespaceform is embedding
our � � control problemin the standard problem describedin

�

1.8. Figure1.11
indicateshow this is done.Thetransferfunction ��� 


�

incorporatesall informationin
theweights �

�

, �

�

andplant
�

. Onecanreadoff thepreciseformula for � from
Figure1.11andthereis no reasonto recordit here,sincewe explicitly give thestate
spaceversionof theformulain Chapter9. Thuswehaveshown thatourclassical� �

problemis equivalentto �nding
�

whichmakestheclosedloopsystemin Figure1.11
� -dissipative, or equivalently internallystablewith �

B


 transferfunctionhaving
supnormlessthan � . Now Figure1.11hastheform of Figure1.1andweseethatthe
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classical��� controlproblemhastheform of thestandardproblemof ��� controlin
�

1.1

1.8.2 BroadbandImpedanceMatching

A basicproblemin classicalcircuit theoryis: givenan amplifyingdevice, connectit
with a passivecircuit that producesa total (closedloop) ampli�er which maximizes
theworst gain over all frequencies.An easierproblemwhich oftenbearsheavily on
the ampli�er problemis the broadbandimpedancematchingproblem: Transferas
much poweraspossiblefroma givensourceto a passive(dissipative)load.

Resistor�

�

Impedance�

� �

�

�

�

� �

�

�

�

/

is the
minimumsensitivity

Ampli�er

GIVEN
Load

Dissipative

�

�

�

�

FIND

�

GIVEN
�

not lossless
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Load

Dissipative
���

�

�

�

Amplifying Device

	

	

Plant 	

Lossless
FIND

�

Lossless
FIND

�

Closedloop is

Controller

internallystable

Controlhasthe“same”topology:
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Figure1.12:Ampli�er

This problemis illustratedby Figure1.12. The top pictureshows an ampli�er
gainmaximizationproblem.Themiddlepictureillustratesthe impedancematching
problemassociatedwith the ampli�er problem. The last picturedraws the middle
picturein a way which looksmuchlike Figure1.2andtheclassicalcontrolproblem
wediscussedin

�

1.8.

Onething to mentionis that thekey tradeoff in impedancematchinggoesunder
the namegain-bandwidthlimitations. They have beenstudied(underthis namefor
decades)and the basic“rule of thumb” is the Bode–Fano integral constraints(an
analogof the Freudenberg–Loozeconstraintsof control theory). Gain–Bandwidth
limitationsarequiteliteral analogsof performance–rolloff constraintsin control.



32 Intr oduction

1.9 Nonlinear “Loop Shaping”

As mentionedin
�

1.8, in classicallinearcontrol themainobjectives(in orderof im-
portance)areto make thecontrolledsystem

(i) stable,

(ii) haveprescribedrolloff, and

(iii) achieve highperformanceat low frequencies.

A metaphorfor their implicationsis thatif wedesignanairplanethatfails to bestable
it will crashimmediately, if rolloff is poorthenit will probablycrasheventually, and
if performanceis mediocretheplanewill wastesomething,maybefuel or time.

Controllerdesignclassicallyoften consistedof choosinga candidatecontroller,
andthencheckingtheclosedlooptransferfunctionto seeif it metgivenperformance
androlloff specs;hencethetermloopshaping. �

� controloriginatedwith thegoalof
makingloopshapingmoresystematic.The �

� formalisminvolvesweightselection,
which is reasonablyintuitive. Oncesensibleweightsarepickedsolutionsto the �

�

problemoftenarenotsofar from desiredthatafew naturaliterationsgivesasolution.

Of coursethereareserioustradeoffs betweenstability, rolloff, andperformance
constraints.While frequency andhencerolloff have no meaningfor nonlinearsys-
tems,it is hardto believe thatwhensystemsarenonlinearthatthesetradeoffs dissap-
pear. They mustbeimportantin someform.

Whatis nonlinearloopshaping?This is thesubjectof muchcurrentresearchand
discussion,althoughtheword loopshapingis notused.Indeedtheissueis enoughin
�ux thatwedonotpresumeto sayanythingde�niti vehere.Ourgoalin thissectionis
just to introducea few issues.Themainissuesactuallyemergein thestatefeedback
problem,sayfor asystemof theform

�

� �
	

�

�

� ��
��

�

�

�

�

�
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�

�

�

�

� ���
���

�

�

�

�

�

sowefocusonstatefeedbackin thispresentationratherthanonthemorecomplicated
measurementfeedbackproblem(thenext sectionconsidersthisbrie�y).

Much attentiongoesto stabilizinga systemandstability might be viewed asa
typeof performanceconstraint.Thiscanbefacilitatedby solvingacontrolLyapunov
inequality,
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(1.31)

where
�

� :

. Given � and
�

this canbedoneexplicitly. For example,for single
inputsystems(dim � �

�

),
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for � ��

:

.

More challengingis to decipherthe analogor function in nonlinearcontrol of
rolloff constraints.Mathematically, rolloff constraintsfor a linearsystemlook some-
thing like
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In timedomaintermstheseinequalitiespunishthesizeof
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�

that is onehasrateboundson theoutputof thesystem.Theoutputof thesystemis
�

�

�

�

���

� � � �����

�

���

�

anda rateboundis implied by a rateboundon �

���

�

and �

���

�

separately. Thusit suf�ces to imposeconstraintsof theform

�

�

�

� �

�

�

�

�

�

�

� �

�

� and �

���

�

where
�

is acarefullychosenregion in stateandinputspace.

In our discussionwe shall focus on bounding
�

� , sincethis is an actuatorrate
boundandtheseareverycommon;soset �

�

�

:

,
�

���

�

�

, and � �

�

. We begin by
consideringa ratesaturationconstraint

�

�

�

�

�

�

andusethestandardtrick of making
� astateandaddinganinput � to get

�

�#�

�

with � meetingthe saturationconstraint
�

�

�

�

�

. Incorporatethis into the control
Lyapunov inequality(1.31),to get
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Next weusethesaturationconstrainton � andtheinequalityto getthatit is suf�cient
that � satisfythe�rst orderPDI
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� (1.32)

with
�

�

�

�

�

�

�

�

� sign �
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Thecorrespondingcontrollersatis�esis

�

���

�

� �

�

: ���

�

�

�

�

�

�

�

��


�

�

�

� 


� �

�




;

We emphasisethatwearejustgiving suf�cient conditionsfor solution.
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In fact many more formulasmuch more thoughtfully craftedthan this can be
writtenoutin alargevarietyof circumstances.Thisis aneffort pioneeredbyE.Sontag
andcollaborators,see[LS91], [LS95] for caseslike thosewehave just treated.Other
verydirectapproachesto �nding controlLyapunov functionsfor systemswith special
structuresaredescribedin [KKK95].

Now we describeanotherapproachto imposingconstraintson � . Ratherthan
directly imposea hardratebound

�

�

�

�

�

�

we just punish“large” ratesin someway,
for example,wecombineacostof theform

�
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� �

�

� �

�
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�

�

�

� (1.33)

with thecontrolLyapunov inequality(1.31).Thisgives
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with
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� �

� . Justasbeforewe optimizeover � , but with this approachthereis no
constrainton � , sothemaximizing� is
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(1.34)

which is similar to anonlinearRiccatiinequality.

Similarly, wecouldbemorecautiousandtreatdisturbances� enteringthesystem
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therebygetting �
� typeinequalities

�

	

��

�

�

��

�

�

�

>




�
�

�

�




�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

:

maximizeover � andminimizeover � to get
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We summarizeall of this by sayingthatsolutionof thestabilizationproblemto-
getherwith aratesaturationconstraintamountsto solvingaparticular�rst orderPDI.
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Thebottomline is thatto handleconstraintson � it is very likely thatsome�rst order
PDI or comparablydif�culty problemmustbeaddressed.Whatwehavedonehereis
donewith theintentionof provoking thoughtandis hardlyconclusive.

While this book treatsHJBI inequalitiesmuchof what is doneappliesto large
classesof �rst orderPDI. The mostextremeexampleis Bellmaninequalities,since
they arejust thespecialcasewhere


 �

�

:

. Thenext sectionexpandson this theme.

1.10 Other PerformanceFunctions

A wide rangeof problemscanbecastinto a form that involvestheuseof optimiza-
tion techniques,suchasoptimalcontrol,gametheory, andin particular, thedynamic
programmingmethod.In this bookwe emphasizemeasurementfeedbackproblems,
solvedusingthe informationstateframework. This framework appliesto a rangeof
stochastic(or �

�

) problems,andaswe discussin detail in this book,deterministic
minimaxproblems.

Theintegrand
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�

in thecostfunctionalusedin thisbook(see(3.1))
hasspecialmeaningdueto the

�4�

dissipationinequalitiesandconnectionto the ���

norm (a frequency domainconcept)in the caseof linear systems. Any integrand
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couldbesubstitutedin principlefor
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andthecorresponding
solutioncouldbederivedusingsimilarmethods.In particular, asuitableinformation
statecanbede�ned:
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andgiven
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whereasdiscussedabove the trajectory
�

�C>

�

is a solutionof the reversed-arrow dy-
namics(1.17).

Further, measurementfeedbackversionsof stabilizationand loop shapingcan
alsobedeveloped.To illustrate,considerarobustversionof thehard-constrainedrate
saturationexamplediscussedabove,where
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. Theminimaxcostassociatedwith thisproblemfor an
outputfeedbackcontroller
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where
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ThedynamicprogrammingPDEis
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If weoptimizeover
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Theintegral-constrainedcontrol rateexample(1.33)canbehandledin thesame
way.

1.11 History

Theobjectiveof thissectionis to give ahistoryof developmentsprecedingthisbook.
Initially theaccountfollowsthatgivenin [HM98a]. Wehaveattemptedto mentionthe
maindevelopments,andweappologizein advanceif wehavemissedsomereferences.

1.11.1 Linear FrequencyDomain Engineering

In commonplacelanguage�
� engineeringamountsto achieving prescribedworst

casefrequency domainspecs.Optimizingworst caseerror in the frequency domain
along its presentlines startednot with control but with passive circuits. Oneissue
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wasto designampli�ers with maximumgainover a given frequency band.Another
wasthedesignof circuitswith minimumbroadbandpower loss. Indeed� � control
is a subsetof a broadersubject,� � engineering, which focusseson worstcasede-
signin thefrequency domain.In paradigmengineeringproblemsthis produceswhat
a mathematiciancallsan “interpolationproblem” for analyticfunctions. Thesecan
besolvedby Nevanlinna-Picktechniques.Thetechniquesof Nevanlinna-Pickinter-
polationhadtheir �rst seriousintroductioninto engineeringin a SISO(single-input
singleoutput)circuitspaperof YoulaandSaito[YS67] in themiddle1960's. Further
developmentwaiteduntil themid-seventies,whenHelton[Hel76], [Hel78], [Hel81]
appliedinterpolationandmoregeneraltechniquesfrom operatortheoryto ampli�er
problems. Herethe methodsof commutantlifting [And63], [SNF70], [Sar67]and
of Admajan-Arov-Krein [AAK68], [AAK72], [AAK78] wereusedto solve MIMO
optimizationproblems.

In thelate1970's G. Zames[Zam79] beganto marshallargumentsindicatingthat
� � ratherthan �

�

wasthephysicallypropersettingfor control.Zamessuggestedon
severaloccasionsthatthesemethodsweretheappropriateonesfor codifyingclassical
control. Theseefforts yieldeda mathematicalproblemwhich Helton identi�ed as
an interpolationproblemsolvableby existing means(see[ZF81]). In 1981Zames
andFrancis[ZF83] usedthis to solve the resultingsingleinput singleoutputSISO
problem.In 1982Chang-Pearson[CJ84] andFrancis-Helton-Zames[FHZ84] solved
it for many-input,many-outputMIMO system.

Thepioneeringwork of ZamesandFrancistreatedonly sensitivity optimization.
In 1983threeindependentefforts emphasizedbandwidthconstrains,formulatedthe
problemasaprecisemathematicsproblemandindicatedeffectivenumericalmethods
for theirsolution:Doyle [Doy83], Helton[Hel83], andKwakernaak[Kwa83]. All of
thesepapersdescribedquantitative methodswhich weresoonimplementedon com-
puters. It wasthesepaperswhich actuallylaid out preciselythe tradeoff in control
betweenperformanceat low frequency androll off at higherfrequency andhow one
solvesthe resultingmathematicsproblem. This is in perfectanalogywith ampli�er
designwhereonewantslarge gain over aswide a bandaspossible,producingthe
famousgainbandwidthtradeoff.

AnotherindependentdevelopmentwasTannenbaum's [Tan80] veryclever useof
Nevanlinna-Pickinterpolationin a control problemin 1980. Also earlyon the � �

stagewasKwakernaak's polynomialtheory, [Kwa86]. Anothermajor development
that dove tailedcloselywith the inventionof �

� control wasa tractabletheoryof
plantuncertainty. A goodhistoricaltreatmentappearsin [DFT92]. Anotherapplica-
tion of thesetechniquesis to robuststabilizationof systemsH. Kimuraetal [Kim84].
An earlybookon � � controlwas[Fra84].

1.11.2 Linear StateSpaceTheory

To describetheoriginsof statespace�
� engineeringwemustbackupabit. Oncethe

power of thecommutantlifting-AAK techniquesweredemonstratedon engineering
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problems,P. deWilde playedavaluableroleby introducingthemto signalprocessing
applications,see[DVK78], andto othersin engineering.The statespacesolutions
of � � optimizationproblemsoriginatednot in � � control,but in theareaof model
reduction. The AAK work with a shift of languageis in a paperon model reduc-
tion (thoughnot in statespacecoordinates)by Bettayab-Safanov-Silverman[BSS80],
whichgivesastatespaceviewpoint for SISOsystems.SubsequentlyGlover [Glo84]
gave theMIMO statespacetheoryof AAK typemodelreduction.Sincethe � � con-
trol problemwasalreadyknown to besolvableby AAK, thisquickly gavestatespace
solutionsto the ��� controlproblem.Thesestatespacesolutionsweredescribed�rst
in 1984by Doyle in a report[Doy84] which thoughnever publishedwasextremely
in�uential. Earlierin his thesis(unpublished)hehadgivenstatespace� � solutions
basedon converting thegeometric(now it would becalledbehavioral by engineers)
versionof commutantlifting-AAK dueto Ball andHeltonto statespace.

Therewasa vasteffort on statespace� � controlby many engineersandmath-
ematicians.We mentionnow only a few majordevelopments.In thebeginningthere
wereonly crudeboundson thedimensionof thestatespaceof thecontrollerandnu-
mericalrecipesfor the controllerrelied on substantialcancellationwhich of course
is bad. It wasdiscoveredby [LH88] that thedimensionof an ��� optimalcontroller
equalsthatof theplant � . Next camethefamouspaperof [DGKF89] whichgavean
elegantcancellationfreeformulafor thecontroller(asdiscussedin

�

1.2).Theformu-
las in this paperhave becomestandard.Othercloselyrelatedresultsalsoappeared
aroundthis time or a little later, see[Tad90], [Sto92]. An excellentpresentationis
givenin [GL95].

1.11.3 Factorization

It might bementionedthat factorization(thesubjectof Chapter8) wasknown from
early on to yield all controllersproducinga certainperformance,aswell hasother
problems,c.f. [HBJP87]. ThesemethodsweredevelopedbyBall-HeltonandH. Kimura
andcoworkers in many papersduring the80's and90's(see[BHV91], [Kim97] and
thereferencestherein).This leadto anelegantproof of theoriginalDGKF formulae
aswell asthe �rst discretetime DGKF formulasby Ball-Ran[BR87]. A

�

-spectral
factorizationapproachwaspresentedin [GGLD90], [Gre92].

1.11.4 GameTheory

It wasobserved in [Pet87], [DGKF89] (andelsewhere)that therearecloseconnec-
tions between� � control anddifferentialgames.Basically, the two quite distinct
problemscanbe solved usingthe sameRiccati equations.Theseconnectionswere
pursuedin depthby a numberof researchers,seee.g. [LAKG92], [BB89] (updated
in 1995). The gametheoryview of �

� control is asa minimax game,wherethe
disturbanceor uncertaintyis modelledby a maliciousopponent,andtheaim of the
controlleris to minimizetheworstperformanceunderthesecircumstances.This time
domainformulationis very importantfor nonlinearsystems.
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1.11.5 Nonlinear
�

�

Control and Dissipative Systems

The efforts to extend ��� control to nonlinearsystemsbegin in the middle 80's
by mathematiciansversedin linear commutantlifting andAAK techniques.Ball-
Foias-Helton-Tannenbaumformulatedthenonlinearproblemandshowedthatpower
series(Volterra)expansionslead to reasonableapproximatesolutions,[BFHT87b],
[BFHT87a]. This effort hascontinuedto the produceimpressive results,[FGT95],
[FGT96], [FGT98]. Ball-Heltonpursuedseveraldifferentapproaches.Onewaswhat
would todaybedescribedin termsof behaviors or gamesin extensive form [BH88c].
Anotherwas in statespaceform [BH92a], [BH92b], [BH88a], [BH88b]. This re-
ducedthesolutionof themeasurementfeedbackdiscretetime nonlinearproblemfor
a “strongly” stableplant � to solutionof anHJBI equation.

ForcontinuoustimestatefeedbackbasicworkwasdonebyvanderSchaft[vdS91],
[vdS92], [vdS96]. Hereducedthesolutionof thestatefeedbackproblemfor anonlin-
earplant � to solutionof anHJBI equation.This work wasin�uencedby Willems'
theoryof dissipativesystems,[Wil72], [HM76], [HM77], etc. Indeed,vanderSchaft
emphasizes

�4�

-gain terminologyandtheBoundedRealLemma,[AV73]. This is a
powerful andnaturalformulation.Indeed,it is the

� �

-gaininequality(whichwerefer
to asthedissipationinequalityin thisbook)whichmakessensefor nonlinearsystems,
whereasthefrequency domainconceptof ��� normdoesnotapplyto nonlinearsys-
tems.

1.11.6 Filtering and MeasurementFeedbackControl

Classicalcontrolproblems,asdiscussedearlier, areformulatedin the frequency do-
mainandarenaturallymeasurementfeedbackproblems.This is re�ectedin theBall-
Helton papersof the 80's. Optimal controlwith measurementfeedbackis dif�cult,
andthisexplainsin partthelengthof timeit tookto obtainanicestatespacesolution
to thelinear � � controlproblem(mostof aa decade).Theissueis how to represent
andusetheinformationcontainedin themeasurements.

Much of optimalcontrol theory(includinggames)is concernedwith statefeed-
backproblems.This is natural,sincethestateof a systemis a summaryof its status,
and togetherwith the currentinput valuescanbe usedto determinefuture behav-
ior. Engineersareinterestedin feedbackcontrollers,andsolutionsto statefeedback
optimal control problemslead to statefeedbacksolutions(via, say, dynamicpro-
gramming). However, given that the original problemof interestis a measurement
feedbackone, thereis the dif�culty of what to do with the lack of full stateinfor-
mation. A common,but oftensuboptimalapproachis to designa stateestimator(or
observer), andplug thestateestimateinto theoptimalstatefeedbackcontroller. This
is calledcertaintyequivalence.Thesolutionof theLinearQuadraticGaussian(LQG)
problemis an optimal certaintyequivalencecontroller, [Won68]. First, an optimal
statefeedbackcontrolleris designed,andthencoupledwith theoutputof theoptimal
stateestimator, i.e. theKalman-Bucy �lter , [Kal60] [KB60]. The certaintyequiva-
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lenceapproachis notoptimalfor thedeterministicLinearQuadraticRegulator(LQR)
problem.DeterministicLQR designsmayemploy aLuenbergerobserver, [Lue66].

The linear LQG problemis a stochasticoptimal control problem. What is hap-
peningin Kalman's solutionis that theoptimalstateestimate,theconditionalmean,
becomesthe stateof a new system,and the optimal controller for this new sys-
tem turns out to coincidewith the optimal statefeedbackcontroller for the origi-
nal system. Actually, the optimal LQG controllerfeedsbackthe conditionalprob-
ability distribution, which beinga Gaussiandistribution, is completelydetermined
by the conditionalmeanandcovariance(�nite parameters).For nonlinearoptimal
stochasticcontrol problemsanalogousto LQG, the optimal controller is a function
of the conditionaldistribution. Thus the conditionaldistribution serves as an “in-
formation state” for theseoptimal control problems. The measurementfeedback
optimal control problemis transformedinto a new statefeedbackoptimal control
problem, with the information stateservingas the statevariable. The evolution
of the conditionaldistribution is describedby a stochasticpartial differentialequa-
tion, calledtheKushner-Stratonovich equation[Kus64],[Str68], or in unnormalized
form, theDuncan-Mortensen-Zakaiequation,[Dun67], [Mor66], [Zak69]. Theseare
the stochasticPDEsof nonlinear�ltering, andarethe nonlinearcounterpartsto the
Kalman�lter equations.Thusnonlinear�ltering is in�nite dimensional,andmeasure-
mentfeedbackoptimalstochasticcontrol involvestheoptimalstatefeedbackcontrol
of anin�nite dimensionalsystem.

Theinformationstateapproachhasbeenwell known sinceat leastthe60's, both
in theWestandEast. A niceexplanationof theseideasis given in [KV86]. Of the
many publicationsdevotedto thisproblem,wementiononly [Str65],[Nis76], [Ell82],
[FP82], [Fle82], [Hij90], [EAM95]. It is still a dif�cult mathematicalproblem,and
presentschallengingimplementationissues.

For nonlinearproblemsanalogousto thedeterministicLQR problem,thereis no
informationstatesolution,andonetypically usesa suboptimalcertaintyequivalence
designasdiscussedabove. A key dif�culty hereis thedesignof thestateestimatoror
observer. This is a majorproblemin nonlinearcontrol, [KET75], [HK77], [KR85],
etc.

In contrast,it is relatively straightforward to write down a nonlinear�lter , al-
thoughone is facedwith computationaldif�culties for implementation. In 1968,
R.E.Moretensenderiveda deterministicapproachto nonlinear�ltering, calledmin-
imum energy estimation,[Mor68]. This is essentiallya leastsquaresapproach,and
leadsto a �lter whichis a �rst ordernonlinearPDE.An interestingstudyof this �lter
wasconductedin 1980by O. Hijab, [Hij80]. Thesedeterministic�lters arerelated
to thestochastic�lters via smallnoiselimits. Theselimits areexamplesof the type
whichoccurin thetheoryof largedeviations.J.S.Baraswasintriguedby these�lters
andtheir connections,andin [BK82] proposedusingthesemethodsasthebasisof a
designprocedurefor nonlinearobservers,[BBJ88], [JB88],[Jam91].
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1.11.7
�

�

Control, Dynamic Games,and Risk-Sensitive Control

In 1973,D.H. Jacobson,[Jac73],introducesa new type stochasticoptimal control
problem with an exponentialcost function, which today is often called the risk-
sensitiveproblem.HesolvedaLinearExponentialQuadraticGaussian(LEQG)prob-
lemwith full statefeedback,andobservedthathissolutionis thesameasthesolution
for a relateddynamicgame(sameRiccatiequation).It took until 1981for thecor-
respondinglinearmeasurementfeedbackproblemto besolved,by Whittle [Whi81].
Thestructureof thecontrolleris againof thecertaintyequivalencetype,althoughthe
Kalman�lter estimateis not used.Instead,theKalman�lter is modi�ed with terms
coming from the control objective. Whittle's solution was very interesting,since
the conditionaldistribution is not usedasthe informationstate. Later, connections
with � � control,werediscovered,[GD88], [DGKF89]. Thus ��� control,dynamic
games,andrisk-sensitivecontrolareall related.

In the late80's andearly90's Basar-Bernhardandcoworkersdevelopedthecer-
tainty equivalenceprinciplefor deterministicminimaxgamesand � � control. The
key referencehereis the 1989monograph[BB89] (revisedin 1995),aswell asthe
papers[Ber91], [DBB93], [BR95]. Thebook [BB89] containsanexcellentaccount
of theminimaxgameapproachandcertaintyequivalencemainly in thelinearcontext,
with somenonlinearresultsin thesecondedition.Thecertaintyequivalencesolution
is very closely relatedto the solutionof Whittle, and is the basisof an important
approachto measurementfeedbacknonlinear�

� control.

In the early 90's a numberof researchersbegan exploring the connectionsbe-
tween �

� control,dynamicgames,andrisk-sensitive control in thenonlinearcon-
text, beginning with Whittle [Whi90a], [Whi90b], [Whi91]. Theconnectionsmade
useof small noiselimits. This work inspiredFleming-McEneaney, leadingto the
papers[FM92], [FM95], andalsoto papersstudyingviscositysolutionsof the � �

PDEsand PDIs [BH96], [Jam93],[McE95b], [McE95a], [Sor96]. Independently,
J.S.Barassuggestedinvestigatingtherisk-sensitiveproblemusingsmallnoisemeth-
ods, in conjunctionwith earlier work on nonlinear�lters. This led to the papers
[Jam92], [JBE94], [JB95], [JB96], [BJ97]. The paper[JBE94] solved the nonlin-
earmeasurementfeedback(discretetime) stochasticrisk-sensitive problem,solveda
nonlinearmeasurementfeedbackdeterministicminimaxgame,andestablishedcon-
nectionsbetweenthemvia smallnoiselimits. An informationstatewasusedfor both
problems,andin therisk-sensitivecase,theinformationstatewasnot theconditional
probability distribution. The informationstatede�nition wasinspiredby the paper
[BvS85], which useda methodwhich generalizesto nonlinearsystems.In themin-
imax case,the informationstatecoincideswith Basar-Bernhard's cost-to-come,and
is relatedto the risk-sensitive informationstatein a manneranalogousto the link
betweenMortensen's minimumenergy estimatorandstochasticnonlinear�lters dis-
cussedabove. Seealsothepublications[KS89], [Ber96]. A largenumberof papers
have sincebeenwritten concerningvariousaspectsof risk-sensitive control, �lter -
ing, games,andtheir connections:[PMR96], [CE95], [CH95], [FHH97], [FHH98],
[Nag96], [RS91], [Run91], etc.
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1.11.8 Nonlinear MeasurementFeedback
�

�

Control

While stableplantproblemshadbeenknown to convert to HJBI inequalitiessincethe
late80's, theunstablemeasurementfeedbackproblemremainedintractable.A sub-
stantialnumberof papershavebeenwritten,including: Isidori-Astol�-Kang [IA92a],
[IA92b], [Isi94], [IK95], Ball-Helton-Walker [BHW93], Didinsky-Basar-Bernhard
[DBB93], Krener [Kre94], Lin-Byrnes [LB95], Lu-Doyle [LD94], Maas[Maa96],
Nguang[Ngu96]. Theseresultsilluminatedvariousaspectsof themeasurementfeed-
backproblem,andindeedtheresultsall specializedto thewell known DGKF solution
whenappliedto linearsystems.Theresultsweregenerallyof a suf�cient nature,so
thatif certainPDEsor PDI couldbesolved,thenasolutionto thenonlinear� � con-
trol problemwouldbeproduced.However, in generaltheseresultsarefar from being
necessary:� � controllerscould exist but not beof the form given in thesepapers.
This is becausenonlinear�ltering, andhenceoptimalmeasurementfeedbackcontrol,
is intrinsically in�nite dimensional.

Informationstatecontrollersfor nonlinear��� controlwereobtainedby a num-
ber of authorsin the early 90's. van der Schaft[vdS96] identi�ed someof the key
measurementfeedbackequations,includingthecouplingcondition,andobtainedin-
formationstatecontrollerformulasassumingcertaintyequivalence.Didinsky-Basar-
Bernhard[DBB93] obtainedinformationstatecontrollersassumingcertaintyequiva-
lenceandgeneralizedcertaintyequivalence.The�rst generalsolutionto thenonlinear

� � problemwasgivenin [JB95] (seealso[JBE94]). Theinformationstatewasem-
ployed to give an intrinsically in�nite dimensionalsolution,completewith a clean
setof basicnecessityandsuf�ciency theorems.A numberof relatedpapershave ap-
pearedsincethen,e.g. [Teo94], [TYJB94], [JY95], [Yul96]. In 1994Helton-James
realizedthat theinformationstateframework couldbeusedfor

�

innerouterfactor-
ization,andpreliminaryresultsandformulaswerepublishedin [HJ94]. This initiated
a detailedinvestigationanddevelopmentof theinformationstatesolution,leadingto
thepapers[HJ95], [HJ96b],[HJ96a],andultimately, to thisbook.

1.11.9 Prehistory

Now welurchbackto sketchtheoriginsof theHJBI equationswhichplaysuchabig
role in thisbook.This is anextensivesubjectwhich is well describedin many places,
sowegive little accountof thehistoryandjust list somereferences.Thusweurgethe
curiousto read[Bel57], [Isa65], [You69], [FR75], [FS93],[BO95].

1.12 CommentsConcerning PDEsand Smoothness

In this bookwe make extensive useof optimalcontrolmethodsandnonlinearPDEs
(Hamilton-Jacobitype). In general,solutionsto suchPDEsarenot globally smooth,
andin AppendixB we discusstheseequationsandtheir solutions,in particular, the
conceptof viscositysolution.
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Wehaveattemptedtominimizetechnicalissuesarisingbecauseof lackof smooth-
ness,to keepthefocusof thebookoncontrol-theoreticideas.In many placesweuse
PDEson�nite dimensionalspaces(suchasthePDEgiving thedynamicsof theinfor-
mationstate),anduseintegrated(i.e. dynamicprogramming)representationswhich
aremeaningfulwithout smoothness.In someresultswe assumesmoothnessto help
keepstatementsclear(andreadilyconnectedto thefamiliar linearcase),andto sim-
ply proofs.However, readersshouldbeawarethatsuchresultsremainvalid without
thesmoothnessassumptions,with appropriateinterpretationsandproofs.

PDEson in�nite dimensionalspacesplay a major role in this book. Thereare
many unresolvedpurelymathematicalissuesconcerningthesePDEs.Wehavenotat-
temptedto describein detailissuesconcerningtheconceptof solutionfor suchequa-
tions(thisis still anopenquestion).Instead,wehavestatedanumberof resultswhich
have noneedof smoothness(thesemakeuseof theintegrateddynamicprogramming
equation).However, whenoneusesthedynamicprogrammingPDEto obtainanopti-
mal feedbackcontroller(suchasourconstructionof thecentralcontroller)someform
of smoothnessis required,sowe formalizewhatweneedandassumethis in orderto
developthecontrol-theoreticideas.Wehave tried to make clearwheresmoothnessis
or is notassumed.

We remarkthat theresultsin this bookhave discretetime analogs(see[JB95]),
anddifferentiability is irrelevant in discretetime. Thusdiscretetime controllerscan
be obtaineddirectly from discretetime analogsof the dynamicprogrammingPDE
without theneedfor thevaluefunctionto bedifferentiable.


