ANU ENGN6612/4612

AUSTRALIAN NATIONAL UNIVERSITY
Department of Engineering

ENGN6612/4612 Digital Signal Processing and Control
Problem Set #4 Difference Equations

Q1

Find the system transfer functidd(z) = Y(z)/X(z) when the LTI system is described by the following
difference equation:

@yl — 2yin—1) = x| + xjn—1]

(0) y[n] = y[n—1]+yln—2]+x[n—1]

(©)yln + %y[n -1]- %y[n —2|=3[n—1] —x[n—2] (challenge problem)

Also draw the pole-zero plot fdi (z) and determine if the system is stable or unstable.

Q2
Consider a discrete time LTI system with following impulse respdriseand input functiorx|n:

(@)

}hnl 1]
]
= L
1
05
---F--+--+--I—- i e N
3 2 41 0 3 =2 -1 0 1 2 3
Figure 1: Figure Q2(a)
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Figure 2: Figure Q2(b)

(c) x[n] = 8[n] — 8[n— 1] and
h[n] = d[n] + 8[n— 1] + 0.58[n — 2] + 0.56[n— 3] (challenge problem)

Determine the output{n] using both (i) graphical discrete time convolution and%itjansform method.
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ANU ENGN6612/4612

AUSTRALIAN NATIONAL UNIVERSITY
Department of Engineering

ENGN6612/4612 Digital Signal Processing and Control
Problem Set #4 Solution

Q1
(a) Complete Solution

The given difference equation is

yin] — 2yIn—1] =X + 3xin— 1

We know

X(2)

Z'o

Using the time shift property, we have

X[n — ng]

yin| «—— Y(2)
Y(2)
Tz
Y(2)
=z

yin-1 —

and

X

X — X(2
xn—1] «— @

Taking thez-transform of both sides of the difference equation, we have

Simplifying, we have

(1— 212) Y(zg = (1+ 31z> X(2)

Y(2) z+1
= 1
X(2) z—3
Hence the transfer function in standard form is
1+3z1
H (Z) 1 —_ lz*l

2

From the transfer functiort (z) has pole at = 3 and a zero at = —
As the pole lies within the unit circlg| = 1, system is stable.

Wl
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ANU ENGN6612/4612
The pole-zero map is shown in the figure below:
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Figure 3: Question 1(a)

Additional student exercise
Take the inverse-transform ofH(z) and show that the corresponding impulse respbifiges

Al = 28l + = (1/2)"uln]

(Hint: use the method based on partial fractions.)

For 0< n < 4, the plot ofh[n] is shown below:-
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Figure 4: Question 1(a)
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ANU ENGNG6612/4612
(b) Partial Solution

The given difference equation is
yinj = yin—1+yn—2/+xn—1]
Taking thez-transform of both sides of the difference equation , we have

Y@, Y@, X@
4

Y@ z z

Simplify and show that the transfer function in standard form is

z?! z
HEZ) = 1-z1-7z2 2_z-1
From the transfer functio (z) has poles az= —0.618 1.618 and a zero a= 0.
As one of the poles lies outside the unit cirize= 1, system is unstable.
The pole-zero map is shown in the figure below:
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Figure 5: Question 1(b)

(c) Solution
Show that the transfer function is

2—22+%z-3) _ 2+ Bzl 372
Z+1)(z+3)(z-%) 1+3z14+1iz2-1z3

H(2)

System is stable (poles at= —1,—0.5,0.25 and zeros at= 0,0.4063+ j0.15).
The pole-zero map is shown in the figure below:
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Figure 6: Question 1(c)
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Q2

(a) Complete Solution

Please see pages 6-8.

(b) Solution
Solution in time domain
yln]
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o . Figure 7: Question 2(b)
Solution in zdomain

1\?2 2 1
Y(2) — (“;) —1+s+5
yinj = 9[n]+28[n—1]+9d[n—2]

(c) Solution

Solution in time domain

0.5r

y[n]
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Sample n

Lo . Figure 8: Question 2(c)
Solution in zdomain

X(z) = 1—%

Hz = 1+ % + % + %

Y(z2 = H(@X(2 :1—%—%
y[n = 9[n]—0.58[n—2] — 0.58[n—4]
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GRAPHICAL  DISCRETE TIME CONVCLUTION
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